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LATTICE PERTURBATION THEORY and its DIFFICULTIES

In principle, the LATTICE is 8 REGULATOR (iKe any other
in PERY. THEORY ... ITn p(ac'chc...

(a) Lattice regularizsfion of field theory has been mainly mofivated by
non pecTurbafive issues : FORMULATION iTself of FT;
feasibility of COHPUTER SIMULATIONS,

(b) SKW LPT is something you have 1o live with Snyway... Typical
(historical ...) woer_? grounds :

= MATZHING  (fenormalization const's Zi's ; effeclive theoties)

- S(MAHZK IMPROVEMENT program coelficients
.3(_& = [dx (,"C,o(x) +al,@+arZ,G)+.) (lathe asan EFET.)

q')% = 4)0 rad +ad, +.
GOAL: compute IMPROV. COEFF's so thal” OBSERVABLES afe
Sffected by O(a?) (net O(a)) —> FASTER CONT: LIMIT...

LQeD : S, +@ Slover and (i) AI"; = A: *‘@@F P

(b') Ma\'\\’ progresses have in recent years been made possible By

the spplicstion of complefely HON PERTURBATIVE methods !

Still - severe limTations are now posed by the UNQUENCHING
NN — N
program for LGT !

- Yhe Pu’\‘urbatw, regime is of coucse 6'fz‘rm REF%%ENCE
POINT ...

T p— e —p——,



(C') As o matter of fadt; LPT is HARD... ad'uauy harder than any
other pu't'uxba'\'we rcsulariza‘l?on...
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‘E;y(fi \4‘ = u(zrr)‘é‘ (? -p'+K) [X}I“P Cos B‘__. -~ ‘CQ_P Smr& P/‘—
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. cofifinuum $fandard Yeicks net so useful...

. coocdinatle space methods  (Liischer & Weisz)
. lots of COMPUTER ALGEBRA
and HIGHLY AMON TRIVIAL NUHERICS ...

It is worth having & closer looKk ot Wilson action for LGT ...
Ls



o Pertucbstion Theory for LATTICE GAUGE THEORY

| gauge invariant ot
Wi [ic?n AF:TION 5& = _zﬁw Zpu'rt (U,+Up+) every value of CUTOFF!

A, @) A
Jormulated W") Y W) Ur N L"—T
in *Cfms 0 x XHp o o
\ i+ + 1. .
and you wadl To evaluale weak cou,:lmg Fert: Expensions of ?uenf'(?c s liKe
=S .[v]
o> =2z DV &7 Ol

A/ow’, et Th. is given n Terms of A/., .. (QROVP —> ALGEBRA)

THE PROGRAM

~ Sm[A]

@ DU =» DA ¢ (“c’n‘l‘c(ac‘hon from the measure”...)
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© PROPAGATORS and VEmcss
}ﬁL > NoY GIVEN ONCE AND FOR ALL
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EXx.  PuRE &GAUGE ot 1 Loorp
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Fom o Testbook (Zothe) ; LIFE in LPT is HARD \

Weak Coupling Expansion (III) 209

Hence in the continuum limit, (14.43) reduces to the familiar expression of the
continuum formulation

Lo (k, k', ") — igo(2m)* 6 (k + k' + k") fapc [(K" = K')ubua

(k= K" + (K = E)ab).
Needless to say, the calculation of the four gluon vertex (see fig. on page 212) from

the fourth order contribution in 67! to the effective action is quite tedious and we é
shall not present it here. The expression is very lengthy and has been given in the and

appendix of the paper by Kawai et al. (1981):¥ you

an
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2 2 12
a(g —r a(p—s at . ..
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2 . . I
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+ (daBedcpE + dacedBDE + dADEdBCE)} {5,;,/5,‘,\5,;,, > Po Gotolds
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+ 6uu6Ap15AéAfu§y + 6;;/\6up13u7:uéy.'§u + 6;Lp6uz\13u'§uéuf'u}
(14.44)

* The expression given in the above reference is however not completely correct.

We give here the corrected form which was provided to as by W. Wetzel. o



o Numerical Stochastic Per‘l'urbé‘l‘ ion Theoey = & beief infroduclion
(Di Renzo, Macchesini, Onofri '93)

NSPT comes (olmost for free...) as on applicalion of STOCHASTIC
QUANTIZATION ...

( Parisi, Wu *31)
o< (Do e o

; T = -

0. QUANTUM THEOR Ord1> f5g £ o

dh < __JS[4]

1 $@) — ¢r) with 354’1("”""3'41‘ H,ix,r) 0

(LANGEVIN equstion) GAUSSIAN NOISE
<q|‘157ﬂ=251-|

2. ASYMPTOTICALLX <O[¢q(i;c)]>1 e {Old]>

NSPT : Since cle ends on 'ﬁ\c couplin @)
4, p s g G =60

THEN EXPAND &) = ¢, + 3¢:' + 3=¢:’+...+3‘¢;"+...

L.eq. ¢ géfs Teonslated in HIERARCHY o} EQUATIONS exactly TRUNCABLE

vow ¢ — 1§} 0(¢41 — OL¢) ~Z{ 0"}

ond  (fot example...) ——

(®) 3 W W ) (©)
¢(x) ¢l)> = Lim & "&T)¢1('{,r)+¢@,t)¢.l(¥,‘l')+ (P@;)(Pq(y,!?

T-¥00



REMARK <OE¢.‘&)] >" = j I)(i) P[‘P.f]O[c{:] » PL4, f] Z-1 ~-S[¢]

SToCHASTIC PERTURBATION THEORY

B SW)=fdx($944.4-tmtnddt) b= (0im)g-2o"ry

- Feee FIELDY  G(KE) == (Kam®) d(Kt) + 4 (K,+)

&
You can Find the soluTon 4) (Kt) = S dr &K +-T)y(KT)

* —(Kt4m)(#+-T)

- Sa:: y(%)

¢ INTER.FIELD  y(K#) = q(K*) - jﬁ:‘;m ¢(e¥) $@.t p(k-p-¢)
whidh means  Kt) = 5 bSO - [l eI
ond by iterstion = | Gay - )15 & (6n) (Gn) (Ga) + -
st is cp=—x+A-<JH,\'(-2?+-{<;+:§:T})+ow)
ord o instance  (PoP, = —x- +34 (_,AZ 5. ) + 0(x)

; INTEGRATE on a COMPUTER..!}




N SPT {'or Lattice &augeThcoracs

STARTING POINT : Langevin equa'h"on foc Wilson Action .

L LEPIGE, VS

" | . -FLU:('C),Lﬂ -
( Se " ‘%Zp-'ﬁ (Up+U;‘)) \O)Uﬂ("-'ﬂ:ﬂ) = e gu,@ﬂ{)

whete FLU@)=STE ([T T]efy T%)
Fi ). 4] = & V., SIUT + V€ &'

> GAVUSSIAN NOISE
FROUP DERIVATIVE

e, HeTV) = §0) + € V40) + 0(x)

Ty b 5% O ,
Z' ‘Vl‘,’A S [U] +” (-);—B-J(),‘(x) (UP UP )ﬁa(th” s P(cﬂ’y IOCGI, dasé r(d-‘-d

(¢dtuslly from < 2 U=[-ivsl-iq]0..,)
for LAT (Di Renzo, Matenzon:, Marchesini, Onefri '9%)

U/u(x) =

exp LA/‘(x) =2, (3"2/4;0(&)]

Kvo

X) = "'Sf.. (K)x
U@ =143 g% G

K>»o

° ed‘h« 'H\MK 01‘

e difcc‘('y weite

and 0 —> HIERARCHY o EQUATIONS .. ie. FLU]=25p

SEWARE | Whichever youx’l'ast is Qbogt e ... you have now

DECOMPACTIFIED +he formulsTion -z divelgencies

. STIC
in the ﬂon-gaujeinv.aﬁan'\' Std'o( show vp —> &iggéuém NG..




The Aivujcna'cs 'found the Cotner...

O(P"') for the 4-1 SUQ) Plaqudl'e

O_.
0.5}
1~ M
1.5} |
500 1000 1500 2000
TIME

As o mattee of ‘féd' ; U@) is enoughto understand
A./u. (Kpt) =-K*" ‘[/‘W (K) Ay(K,t) + "F(K't)

i.C. -I;w A.y'_“'Kt-l;a.vAv "'Tv "Iv

Vo RESToRING FORCE
ie. RANDOM WALK..

O““l G'Jusc Ihnv. qqavmi‘cis have 36" a lbm in STOCH. QUANT z!
W

Too



STOCHASTIC GAUGE FIXING Zwanziger ‘81

: Al b
AL =~ gs[ﬁ - D VB[A] +n i.e. an extra drift..

Since for 3 GAVGE INVARIANT -fund'ionﬂ F[A] : D;b .é;;_j%l =0
)ﬂ.

5 FlAl 5‘4"-5};—:;"# is UNAFFECTED

3 b :
Zuantgr U9 = 4 U0 A5 s Moy om s bnid

A =0
21.&)):—2‘1}.0!) %Og

Au NORM HINIMISING...

Uy V' Ty s VG = &) U0 6H(mpe)

On Yhe LATTICE Rossi Davies Lef?asc ‘88

Ll

1.5 -

500 | 1+000 1500 2000
TIME

The same O(F®) 4-4 SUG) plaquete with SGF-..



FEAMIONIC LOOPS ZonTribu'hon!

-3 =7 Di Remzo ¥ _ﬂcgrz%iﬁ; 'o
10
o« Tt worKs prefty well .. eg.  We=t-1-Te Up = Z- Cm & + O(")

[.R. fenormalon blhéVlouf <nd so on..
vs POWER-LAW (RakKow % 4l) ..

Ls th nowda(m
MAIV' LIMITATION till now... ()UENCHED AFPROXIMIT!OA/

L. whichever d‘h‘@ﬂ"‘ \Iou wanl .. bit™ /O FERMIONIC
LOOP m.,om CONTRIBUTION ...

« ADDING FERMIONS means FACING ‘det( )-class” ACTIONS

-(S-
(M: 'f'c_fmions, F'P-) CIJ-M * ( Tte“H)

e A SOLUTION Hor the Slandatd NON-PERTURBATIWE [angevin
equa"fon has been Known 'fo( & long Time...

9gain Bate
In principle you shoud Simply 5& —> .S&-f SF = 5& -t M
and in the ec'ua'l?on VS& —> VSG -Vt M

Now.. V., (tetaM) = Tz(r;"\z‘wm

As expecded, you foce on INVERSE...
Hhst is - Nou LOCAUITY...



Dn otder To undt.(s'tsnd Ratroun: et ':-f‘s WGY ou*, T is worthwhile To
undecstand 2 bit bettec..

Why does LanSQVin equa-t—iOn work .s!' Sl ?
qwcr\cally (P('L'H) ¢(t) - £ ‘P -VEn = &@)-{[4]

ThinK dof it i feems of @ PROBABILITY DENSITY P[d,2]

Plded] = < fd¢ PLOT] T 3(4@-4@-f)),
which means CTaylor expand 2} and iitegrate [’7 parts...)

€ PlyTI-Plodl= DT 3 F’; 2 <>, PLoT]

FOKKER-PLANCK equa'l'on

=00 . X |Ip IS _ =S
T 00 Pl i -Z (2B 0 Poc
R4 o) ' -FE T
Balfouni e ol 8¢ Simulste Ults)=e ¢ ()

= & LV S¢ - RcLS Ml V H)MEJ]H}"Q
with an ex"?a Qndom nojse EK (K=mult--mdcx) <§i §j>s=5?j

Since what™ now motters in Fokiker Plandk (%) is < F; hn
ond <Fivg= &V, Se-Te (H'V, )] + 7w,

= £ Vo, [(Se-Te ta M +TE 4

~ (S=Te tak)

)
wnich yields Pa e = @ Sdd M



Of course LIFE 1S NOW EASIER.. SIMPLy SOLVE My, =,

in Jems of which OPDATING is LOCAL  F, =& [V, S¢ -Re(y'F; 3]

+VE 4
. For LIFE is even EASIER..,

« We fiest (LAT9%) iatcoduted the mecchanism -)Qx FADDEEV - PoPoV

COVARIANT GAVUGES..

DU e_(se+ Sst)

ArelU] . App[U]=det€9,B,101)
5

defermined b\, the response Yo o GAVGE TRXNSFoaM.

o . bat o coutse now we o FACING det M

-4

= Qe a) 3 3y

14
e - ‘% ;:;" B;,zw [““‘ Yo BY U,(*) be

M!@L,lyc

(=4 WILSON FERMION ACTION

Now EVERYTHIWG should be EXPANDED in
UttH) = e-FU(I.‘
Foo= & (Vi Sg = Re (Be(ViM)py Ming 30)) +1E

which means... ALSO H",; {‘*I“”"".,._Z‘_= (g‘“é M

Kvo



WHY (T (S FEASIRLE

(1) EVER(THING is LOCAL i tums of
()
gk( x,’l M)KL g j

ordes-( 'from ( 4§

AT G"Ir)ﬁr (T*0.8), + ‘
3/" 3- RIS <4 XI‘)P CU 6)1— k)

(V" M)

0t gpbeye -

0 gis\ = M9 %,

@ Tt sthwiel et M=MO4 = ‘1"% M

K70
\l[/
M“ M(c)"‘ P 2 ‘5"5& M (x)

kyo

H-l (1) — H(O\-" H(ﬂ HM—"
H-l (¢A) & . M(o)-'l H(L) H(o)-i-. H(D‘-i M(ﬂ H-I(ﬁ
H"l (3) — M(‘)“1 H(!) H(O)'1- H(O)"*l H(’-) H-‘I(‘“ _ H(")"H@’H"‘@)

i.e. ‘l) OI'I\Y 1 teal inverse and 2) on a3ty fecursive rt.(-if-‘on..,

S5 'H']QT 'g (°) H(')-‘l g
M—«m § 3(4) (.)-1 Hm gco)
..1(_&!3 = 3(&)‘: _ H(.) -4 [H(q §(¢)+ ng(ﬂ]



®

M@-! s DIAGONAL in FOURIER SPACE |

(03""() A zP"‘XP
| P - (mu- Lo,

Via FFT you GO back and forth {fom Foucier space....
(\/lbgv Vs Vz...)

—

'| |.
41 '\ - Wing

1,1.(1 (LT T ."‘-,"“ W SLATIE, :s_-.

FFT om APE — 4 (Iocal) FFT + 'f?ans‘ao.sfhon

* 2d example on o sysholic ting  mg, m, .. m,,
meo, M, My,
Moz my, My
Momw Mim Man
by
FFT  FFT FFT
d  1-d 1-d
then Teonspose..  m,, m, .. m,,
Mo My ... My
Ml' My - .. qu’
My My, - m,,
O
and agiin .. FFr FFT  FFT
-4 1-d -4
and "'hm l"‘"r.mn.i(atm. B-\cku... €asief on

APEmille ...



« SOME DETAILS on IMPLEMENTATION on APEmille

« FFT T(om 1-d FFT + #ansposﬂfon

4. PRE- SKEWWN&

*

° oY |

v

(and now also on PCs ...)

:i PP‘A—- S(,h(“ihg_-—-Tajchi -

(entman-~Tei piccione ‘ST

+his is whese You need LOCAL ADDRESSING...

IT and so on..

NELE /DOuBLE PRECI SioN

2. ROW-SHIFTING

3. RE-SKEWIWN&

o TIMING (secondyitecstion x # o plocessors)

(alice size otder
6 Yo
°: g 33 D“El:’EE‘:/b.
goard (g g«» ~ 001
oma OMT 46 3,‘
on a CRATE 32 3.‘
e AUTOCORRELATIOMN

C basic plaquelte, L=32)

b
idem
v
t
0.01

-t -t -3
e P
~50 «~7F0 100
~400 ~110 ~160



Easy Yo fit

N DEPENDENCE

The effect of changing (on the fly ...) the number of flavours

T l T T T 8 |
-0.5 . L
: N,=3
0.6+ R AT e R S YL
o7t § ]
0.8} ! - " Gl Rk Nl M o
| |
Nr =2

09+ il

2 L | ! ! 4 ! 1 !

0 1000 2000 3000 4000 5000 6000 7000

8000



Despite the fact Yhat one can nét accomodste e b-QUARK on “the
LATTICE , its mass ddlemindtion is one of the most brilliowt cesu

fcom LATYICE GAUGE THEORIES ...

T am aware ot ot least 4 S't?afc.sics

* NRQCD S. Collins aad cthers (2002~ Gntin. 2000)

* HQET + feticbstion Thcoﬂ’ & Hartinelli, C. Sachrajda etal.

(Hattinelli, Gimenez, Giusts,
Rapusno 2000) (k)

X HQET in 3 Mon feturbative ‘f@ﬁv&fork Alpha (ollsborstion
(R Commer e.falj 2004 )

4 Step- scoling method Roma TV  ( fteonzio et al, 2003)

e
—— ”Q)
Y + Difewwo, Scxzsle 2004 —> mé‘é.w.w 4.214003% 004 G

9-:2:' was holved b‘, oua,m‘)mﬂ



THE RESIDUAL MASS (3m) in LHQET Yo &3 order

% The THEORETICAL FRAMEWORK (@ sKetth of) Hﬁfﬁ?dlr k Sochisida
eta

"ZHQET = T{b&, (0oKs simple, oal conlains many subtieties..,

... many of which have To do with the definition of the hesvy quark
mass m, itself R¥ = mguk + k# kP Agc

The MAW POINT : the —:;‘—; expansion is not” well defined...
AMBIGUITIES show up

dim REGUL. + UV renotmalons in the MATRIX ELEMENTS of HQET
o IR renormalons in the COEFF FUNCTIONS theT
mafeh o QCD (effective theory)

LATTICE REGUL. + non peftarbative POWER DIVERGENCES
The ambigui'ﬁcs in the Cocﬁ'tcl‘cn‘i' ‘fomd?ons are expected o
Y cancel with Yhose in the HQET matrix elements, ’

One needs Yo face the problem of how Yo define ¥he expansion
patamcter itself (M) ina vy 'fnc. of ambiguiTies ,.,

being oware +hat
(N o e is not good with Yhis respect  ( Bencke & Braun 94)



The SUMMARY of o (LoNg) SToRY:

You can not s\‘mply go via /MB""‘ m, + E + 0(44,,5)
mass of o phqscal haﬁron 0:3’ quak) (omdm_gm«gq
HQET mess poroméler (DIVERGENT!)

We follow Matfinell: & ol

(@) MATH Qcb PROPAGATOR Yo LHQET PROPAGATOR : you get

mf = M- ++ 0(%n.)

RESIDUAL MASS
o linearly divergedt™ mass countecterm

G)YIn PT Jm =3 X do

;20

T3 ° s (M) M+
() Tn PT youcon oto & W ()= ™™ [443 (=) 3]

D (’om k_hCTlfr'Ku'l cj'a‘.
' Hle ov c]'al

(4) Pu* ‘“\m:s ﬁshd'(r :
T WM%A;;/\—/_// d,(ﬁ."‘ et
) Mot = [Hy-2 + 2 () X4+ T () LW

n which @ Sm hasTo cancel the LIV DIV, Hom £ ...
@ . and o RENORMALON ambsuﬂ'y os well (fl'l"l

———

l'oLE )

@ EVC"'[«"\RS ‘(’aKzs pldcc, in PT l > %u héw.
stk 6 « FIXED
@ You need \,_ vee ORDLER !



The STRATEGY Di Remzo, Storzste 2001, 2004

*Toca WILSON LoOP Wy =expebg) wi,
linear Jivus. 4/ L) (O, Jivarsmdcs-.

{_:Couplms_
= Corness...

. Comp«'re V(R)E Lim Ny (R)

T-)eo =

) W (RT-1) r
VT (_R) = -803, W n ”SPT-.. CTB‘;..)

° CO"'“ JW‘S (1‘56“'(0( and as 'f'or‘“lc (Ouplmg’
. \/KR)= zb'm-;-chl(R) E 24, - CF:('R(_M

e You Know thst
V(R) =2 Jm - %E (do'l' C{(R) dol 4 Cz(g) o(°3+...)

Cu(R) = 2b. Log R 2 b log A
B(V) Lf-)

n which e\ld\l%ms is KNOWN BUT Im /elllct S(_hfoc‘cf &na'jo?odo)

C,'(R)= Cq(ﬂ)z + 251 b}R + ZB.‘ &J'ﬂ!"!'

—> ) COMPUTE. V(R) and FIT om R>3 _
T>25 KR

You worK ' R-T intecvols  such that and choose ‘y 2.
-~ g 9 ), & N\ ( \; \ A
| TR~ =0 N =2
X% 86266 XTU=ww6) 7
L____“ - - e
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The QUARK PROPAGATOR

o3 3 peatotypur for compufaions m ¥he fecmionic sedfor..

o We warnt ‘he Zpom'h VERTEX FONCTION

T (pim) = SCpimY! = ipem-Si(ptm)  (a>o0)

acfuslly for M=0 —> CRITICAL HASS for Wilson feemions
> Zﬂ in Rl' scheme

2. (pim) = 3, +tig 2% +m 2,

We slways compate st (and on sfnite L=32)

WC Wah+ < M-:;i > > COMPut ‘from Aq = 2 3.(:)/4“ Sff“
<$ourc¢s...) K,¢
SC.:-) - a-“

(@) COHPUTE S (pa)  (Yeke advaitage o HreERCUBIC
in LANDAU gauge SYMMETRY! )

(b) (NVERT Yo 6ET T

(¢) PROYECT OOT )- CoMPONENTS

MMM
)PLU& THE <RITICAL MASS COUNTERHS (& ! 3

4"""\/""""{'3



X/nat do you expect ! Whast do you have Yo desl with 7

Q@+0 —> mimic Yhe expamsion in Yecms of hypucubic

inVariamfs, which ofe conslructed from ()owa oT pe !
( You oe TaKing ¢he CONTINULHM

LIKIT..)
@E Zic (p=0, IMg, 9.) = Ims

Havin; plugscd countectuems in ) {-irs‘(’ and seond order must yamish |

=22 : (+2)
As for thied ocder mem* = .73 r,-s))
(ex pamsion in (3'4)

As expected, POOR CONVERGENCE PROPERYIES..

ie. p=5¢
oo to ' (owe or) - & 0,55
po f a0 O
;J() +o (3—‘ ~ 0.?"
0p Yo P—‘ ~ 0.18

BPY s qw&'fe a stuile execase m this conlexT..

—> &0 -fo( Z.',s ‘ C (og div—=> Soomi ‘feferma,
eoin .
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Compd’c '{Tom Z,; = —L.:".'i- T‘E(al::&sq)
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« |T WORKS PRETTY WELL...

» DATABASE of CONFIGURATIONS
READY

« CORRENTS ON THEIR WAY
« STILL A LOT OF WORK TO dO:

4-fesmions opudfor (TH-QCD)
OVERLAP (1 LooP ok !)
IMPROVEMENT-COEFFICIENTS ?



