Spring term 2021 Extra Topics in Quantum Mechanics Universitat Bielefeld

Tutorial sheets 8 & 9

8. Two-level system coupled to a bath of harmonic oscillators

Consider a two-level system S with the Hamiltonian
- hQ

with o, the usual diagonal Pauli matrix. The eigenstates of Hg will be denoted by |0) and |1). S couples
to an environment R consisting (cf. lecture of June 9) of harmonic oscillators with free Hamiltonian

Hr = > hw;blb;, (2)

where for simplicity the zero-point energy of every single oscillator has been discarded. R is assumed
to remain all along in a stationary state described by a statistical operator ﬁ% that is diagonal in the
basis of eigenstates of |:|R and characterized by the average occupation numbers (n;) = TYR[fJ%B;bj]
of the modes. The coupling term between S and R is chosen of the form

W=S®R with S=ho,, R= (g;b; +g}b!) (3)
J
with g; € C. For later convenience we recall that one may write o, = 04 4+ o_, where the {04} have a
simple action on the eigenstates of o,.

i. a) Give the interaction representation of the operators S and R. [Hint: To obtain Q(I)(t), find simple
differential equation obeyed by the interaction representations of o and o_]. Check that RU(t) is
centered and compute the correlation function

C(r) = Ter [pRRV(t + 7)RW(1)]. (4)
Show that the latter obeys [C(7)]* = C(—7).

b) Express the two operators (introduced in the lecture)

/cs dT,G/C —7)dr (5)

in terms of o4, o_ and the two complex numbers

E/OOC(T) O qr (6)
0

(and their complex conjugates). You need not compute the ¢4 () explicitly yet.

ii. a) Show that the master equation for the reduced statistical operator ps(t) describing S in
Schrodinger picture is [for brevity, we denote ¢y = ¢4 ()]

df)g(t) - i

a2

[62,05(t)] + (e +¢})G405(t)0- — €1.6-61ps(t) — ¢} ps(t)5-5+

+ (c— +¢2)o-ps(t)o4 — c-646-ps(t) — = ps(t)516-

+ (4 4+ ¢ )o40s(t) o4+ + (c— + ¢ )o_ps(t)o—. (7)
Hint: You may take the expression of the master equation given in the lecture as starting point.

b) Going momentarily back to the interaction picture, show that the terms in the third line of Eq.
oscillate at a higher frequency than those in the first two lines. The “secular approximation” consists
in neglecting such rapidly oscillating terms, which we shall do in questions ¢) and d).
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c) Inspiring yourself from what was done in the lecture, compute the complex numbers @, writing
them in the form

cx() = < iy (8)

where the definition of 'L involves a d-distribution and that of AL a Cauchy principal value.

d) Show that the master equation in the secular approximation becomes

dﬁgt(t) _ i@ ‘; A) (6., ps(t)] + % 26, ps(t)6— — {6-64,ps(t)}]
+ 26 ps(t)as — {516, bs(1))] (9)

with A = A_ — A, . Check that this equation is of the Lindblad form and give the corresponding jump
operators L.

e) If you still have time, deduce from Eq. the evolution equations governing the populations and

coherences of ps(t). What do you notice regarding the term of Eq. ([7]) which is neglected in the secular
approximation?



