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9. A model for depolarization
Consider a two-level system S coupled with a four-level environment R, whose states can be decom-

posed on an orthonormal basis { |rµ〉} where µ ∈ {0, 1, 2, 3}. When S is initially in a state |ΨS〉 and
the environment in the state |r0〉, the system S +R can evolve by according to the law

|ΨS〉 ⊗ |r0〉 −→
√

1− p |ΨS〉 ⊗ |r0〉+

√
p

3

3∑
µ=1

(
σ̂µ ⊗ 1̂HR

)
|ΨS〉 ⊗ |rµ〉, (1)

where the operator σ̂µ is the µ-th Pauli matrix acting on the Hilbert space HS of S.

Show that a possible choice of Kraus operators to represent this evolution is

Ê0 =
√

1− p 1̂HS , Êµ =

√
p

3
σ̂µ (2)

Check that they satisfy the completeness relation and compute the superoperator E
(
ρ̂S
)

corresponding
to the evolution law (1). Show that if ρ̂S is written in the form (why is this always possible?)

ρ̂S =
1

2

(
1̂HS +~b · ~̂σ

)
(3)

with ~b ∈ R3 and |~b| = 1,1 then

E
(
ρ̂S
)

=
1

2

(
1̂HS +~b ′ · ~̂σ

)
with ~b ′ =

(
1− 4p

3

)
~b. (4)

Why is the exercise titled as it is?

1That is, ~b belongs to the unit sphere S2, which in this context is called Bloch sphere.
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