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Tutorial sheet 6

10. Lorentz gas
In various physical situations—for instance the motion of neutrons in a nuclear reactor or of electrons

in a non-degenerate semi-conductor—one can describe the diffusion of (light) particles inside a medium
made of more massive constituents as resulting from collisions on fixed scattering centers. The diffusing
particles are then referred to as a Lorentz gas. The evolution of the corresponding single-particle phase-
space density is governed by a simplified version of the Boltzmann kinetic equation, which will be
derived hereafter.

Throughout this problem, it is assumed that no external vector potential is present, so that the
linear and canonical momenta ~p of particles are identical. Furthermore, one neglects the collisions
between the particles of the Lorentz gas.

i. Conservation laws
One assumes that the collisions between the particles and the scattering centers are instantaneous and
local (to bypass the necessity of a detailed quantum-mechanical description), as well as elastic and
invariant under space parity and time reversal.
Write down the relevant conservation laws. Explain why the collision of a particle on a scattering
center amounts to a change ~p → ~p ′ of its momentum, with |~p| = |~p ′|. The corresponding differential
cross-section will be denoted as σ(~p→ ~p ′). What can you say about reference frames?

ii. Kinetic equation
Let f(t, ~r, ~p) be the single-particle phase-space density of the particles of the Lorentz gas and m their
mass. As in the case of the Boltzmann equation, the dynamics of f obeys an equation of the type

∂f

∂t
+ ~v · ~∇~rf + ~F · ~∇~pf =

(
∂f

∂t

)
coll.

,

(
∂f

∂t

)
coll.

≡
(
∂f

∂t

)
gain

−
(
∂f

∂t

)
loss

, (1)

where ~v is the particle velocity, while the collision integral is conveniently expressed as the difference
between a gain and a loss term, which we now want to compute.
a)Loss term. Consider a scattering center at position ~r. What is the flux density of particles with a
momentum between ~p and ~p+ d3~p falling on this scattering center? Show that the number of collisions
of the type ~p→ ~p ′, where ~p, ~p ′ are known up to infinitesimal uncertainties d3~p, d3~p ′, in a time interval
dt is given by

f(t, ~r, ~p) d3~p
∣∣~v∣∣σ(~p→ ~p ′) d2Ω′ dt,

where Ω′ is the solid angle associated with the direction of ~p ′.
Deduce that the loss term is given by(

∂f

∂t

)
loss

= nd(~r)
∣∣~v∣∣ f(t, ~r, ~p)

∫
σ(~p→ ~p ′) d2Ω′,

with nd the density of scattering centers. What do you recognize in the integral?
b)Gain term. The gain term corresponds to collisions of the type ~p ′ → ~p, where the initial and final
momenta are as usual known up to infinitesimal uncertainties. Show that between t and t + dt, there
are

f(t, ~r, ~p ′) d3~p ′
∣∣~v ′∣∣σ(~p ′ → ~p) d2Ω dt,

such collisions on a single scattering center at position ~r, where Ω is the solid angle associated with ~p.
Let Ω′ be the solid angle associated with ~p ′. Justify the identity∣∣~v ′∣∣ d3~p ′ d2Ω =

∣∣~v∣∣d3~p d2Ω′.
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Show that the gain term can be written as(
∂f

∂t

)
gain

= nd(~r)
∣∣~v∣∣∫ f(t, ~r, ~p ′)σ(~p→ ~p ′) d2Ω′,

and thus the collision integral as(
∂f

∂t

)
coll.

= nd(~r)
∣∣~v∣∣∫ [f(t, ~r, ~p ′)− f(t, ~r, ~p)

]
σ(~p→ ~p ′) d2Ω′. (2)

iii. Diffusion coefficient of a Lorentz gas
Consider now a Lorentz gas at uniform temperature T , in which a time-independent density gradient
is applied. The corresponding local-equilibrium solution that cancels the collision integral (2) is

f (0)(~r, ~p) =
n(~r)

(2πmkBT )3/2
e−~p

2/2mkBT ,

with n(~r) the particle number density.
In the relaxation-time approximation, the collision integral is rewritten as −

[
f(t, ~r, ~p)−f (0)(~r, ~p)

]
/τ(~p),

where f remains close to f (0):

f(t, ~r, ~p) = f (0)(~r, ~p) + f (1)(t, ~r, ~p),
∣∣f (1)∣∣� f (0).

We shall investigate the stationary phase-space density in this approximation, assuming that the relax-
ation time τ is momentum-independent.
a) Show that to first order and in the absence of external force ~F , f (1) obeys a differential equation
whose stationary solution is

f (1) = −τ~v · ~∇~rf (0). (3)

b) The stationary particle current density for the constituents of the Lorentz gas is

~JN =

∫
f(~r, ~p)~v d3~p.

Expressing the stationary solution (3) as a function of the (spatial!) gradient of n(~r), show that one
recovers Fick’s law of diffusion, with the diffusion coefficient D = kBTτ/m.
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