CHAPTER VIl

Turbulence in non-relativistic fluids

VIII.1 [Generalities on turbulence in quids| 120

VIII.1.1 [Phenomenology of turbulencef120

VIII.1.2 |[Reynolds decomposition of the fluid dynamical fields|121
VIII.1.3 [Dynamics of the mean flow|122

VIIl.1.4 [Necessity of a statistical approach\ 125

VIIl.2 |Model of the turbulent viscosity 126
VIIL2.1 [Turbulent viscosity] 126
VIIl.2.2 [Mixing-length model| 127

VIIl.2.3 [k-modelf127

VIIl.2.4 |(k-€)-model| 128
VIIL.3 [Statistical description of turbulence| 129
VIIL3.1 [Dynamics of the turbulent motion] 129

VIII.3.2 [Characteristic length scales of turbulence| 130
VII.3.3 I?he Kolmogorov theory (K41) of isotropic turbulence\132

All examples of flows considered until now in these notes, either of perfect or Newtonian flu-
ids (Chapters E, shared a common property, namely they were all assumed to be laminar.
This assumption—which at once translates into a relative simplicity of the flow velocity profile—is
however not the generic case in real flows, which are most often turbulent to a more or less large
extent. The purpose of this Chapter is to provide an introduction to the problematic of turbulence
in non-relativistic fluid motions.

A number of experiments, in particular those conducted by O. Reynolds, have hinted at the
possibility that turbulence occurs when the Reynolds number is large enough in the flow,
i.e. when convective effects predominate over the shear viscous ones in the mean fluid motion over
which the instabilities develop. This distinction between mean flow and turbulent fluctuations can
be modeled directly by splitting the dynamical fields into two parts, and one recovers with the help
of dimensional arguments the role of the Reynolds number in separating two regimes, one in which
viscous effects dominate the mean flow, and one in which turbulence takes over (Sec. .

Despite its appeal, the decomposition into a mean flow and a turbulent motion has the drawback
that it leads to a system of equations of motion which is not closed. A possibility to remedy this
issue is to invoke the notion of a turbulent viscosity, for which various models have been proposed
(Sec. [VIIL.2)).

Even when the system of equations of motion is closed, it still involves averages—with an a
priori unknown underlying probability distribution. That is, the description of turbulent part of the
motion necessitates the introduction of a few concepts characterizing the statistics of the velocity

field (Sec. [VIII.3).

For the sake of simplicity, we shall mostly consider turbulence in the three-dimensional incom-
pressible motion of Newtonian fluids with constant and homogeneous properties (mass density,
viscosity. .. ), in the absence of relevant external bulk forces, and neglecting possible temperature
gradients—and thereby convective heat transport.
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Generalities on turbulence in fluids

In this Section, a few experimental facts on turbulence in fluid flows are presented, and the first
steps towards a modeling of the phenomenon are introduced.

VIll.1.1 Phenomenology of turbulence

VIIl.1.1 a Historical example: Hagen—Poiseuille flow

The idealized Hagen—Poiseuille flow of a Newtonian fluid in a cylindrical tube was already partly
discussed in § There, it was found that in the stationary laminar regime in which the velocity
field V is everywhere parallel to the walls of the tube, the mass flow rate @) across the cylinder cross
section is given by the Hagen—Poiseuille law
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with a the tube radius, 62/L the pressure drop per unit length, and p, n the fluid mass density and
shear viscosity, respectively.

Due to the viscous friction forces, part of the kinetic energy of the fluid motion is transformed
into heat. To compensate for these “losses” and keep the flow in the stationary regime, energy has
to be provided to the fluid, namely in the form of the mechanical work of the pressure forces driving
the flow. Thus, the rate of energy dissipation per unit fluid mass i
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with (v) the average flow velocity across the tube cross section,
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In the laminar regime the rate Eqiss is thus proportional to the kinematic viscosity v = n/p and to
the square of the average velocity.

According to the Hagen—Poiseuille law , at fixed pressure gradient the average velocity (v)
grows quadratically with the tube radius. In practice, the rise is actually slower, reflecting a higher
rate of energy loss in the flow than the laminar prediction . Thus, the mean rate of energy
dissipation is no longer proportional to (v)2, but rather to a higher power of (v). Besides, the flow
velocity profile across the tube cross section is no longer parabolic, but (in average) flatter around
the cylinder axis, with a faster decrease at the tube walls.

VIIl.1.1 b Transition to a turbulent regime

Consider a given geometry—say for instance that of the Hagen—Poiseuille flow or the motion of
a fluid in a tube with fixed rectangular cross section. In the low-velocity regime, the flow in that
geometry is laminar, and the corresponding stat is stable against small perturbations, which
are damped by viscosity (see §.

However, when the average flow velocity exceeds some critical value, while all other characteris-
tics of the flow, in particular the fluid properties, remain fixed, the motion cannot remain laminar.
Small perturbations are no longer damped, but can grow by extracting kinetic energy from the
“main”, regular part of the fluid motion. As a consequence, instead of simple pathlines, the fluid
particles now follow more twisted ones: the flow becomes turbulent.

(45)In this Chapter, we shall only discuss incompressible flows at constant mass density p, and thus always consider
energies per unit mass.

)This term really refers to a macroscopic “state” of the system in the statistical-physical sense. In contrast to the
global equilibrium states usually considered in thermostatics, it is here a non-equilibrium steady state, in which
local equilibrium holds at every point.

(46
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In that case, the velocity gradients involved in the fluid motion are on average much larger than
in a laminar flow. The amount of viscous friction per unit volume or unit mass of the fluid is thus
increased, and a larger fraction of the kinetic energy is dissipated as heat.

The role of a critical parameter in the onset of turbulence was discovered by Reynolds in the
case of the Hagen—Poiseuille flow of water, in which he injected some colored water on the axis of
the tube, repeating the experiment for increasing flow velocities [21]. In the laminar regime found
at small velocities, the streakline formed by the colored water forms a thin band along the tube axis,
which does not mix with the surrounding water. Above some flow velocity, the streakline remains
straight along some distance in the tube, then suddenly becomes unstable and fills the whole cross
section of the tube.

As Reynolds understood himself by performing his experiments with tubes of various diameters,
the important parameter is not the velocity itself, but rather the Reynolds number Re , which
is proportional to the velocity. Thus, the transition to turbulence in flows with shear occurs at a
“critical value” Re., which however depends on the geometry of the flow. For instance Re. is of
order 2000 for the Hagen—Poiseuille flow, but becomes of order 1000 for the plane Poiseuille flow

investigated in § while Re, ~ 370 for the plane Couette flow (§[V.1.2)).

The notion of a critical Reynolds number separating the laminar and turbulent regimes is actu-
ally a simplification. In theoretical studies of the stability of the laminar regime against linear
perturbations, such a critical value Re. can be computed for some very simple geometries, yield-
ing e.g. Re. = 5772 for the plane Poiseuille flow. Yet the stability sometimes also depends on
the size of the perturbation: the larger it is, the smaller the associated critical Re,. is, which
hints at the role of nonlinear instabilities.

In the following, we shall leave aside the problem of the temporal onset of turbulence—and

thereby of the (in)stability of laminar flows—, and focus on flows in which turbulence is already
established.

VIIl.1.2 Reynolds decomposition of the fluid dynamical fields

Experiment as well as reasoning hint at the existence of an underlying “simple”, laminar flow over
which turbulence develops. Accordingly, a reasonable ansatz for the description of the turbulent
motion of a fluid is to split the relevant dynamical fields into two components: a first one that varies
slowly both in time ¢ and position 7, and a rapidly fluctuating component, which will be denoted
with primed quantities. In the case of the flow velocity field V(¢, 7), this Reynolds decompositio (Ixii)
reads [29]

[V(t, 7) = V(t,7) +V'(¢,7), ] (VIIL.2)

with V resp. V' the “slow” resp. “fast” component. For the pressure, one similarly writes
P(t,7) = P(t,7) + P'(t,7). (VIIL.3)
The fluid motion with velocity v and pressure P is then referred to as “mean flow”, that with
the rapidly varying quantities as “fluctuating motion”.

Remarks:

x The “fast” and “short wavelength” degrees of freedom that constitute the turbulent motion should
still be “slow enough” to be fluid dynamical, i.e. the corresponding scales are still “macroscopic” in
the sense introduced in Sec. [L1l

(60 Reynolds-Zerlequng
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x Let us already emphasize that the mean flow is not a valid solution of the usual fluid-dynamical
equations of motion, in particular of the Navier—Stokes equation. Accordingly, the Reynolds de-
compositions (VIIL.2)-(VIIL3) differ from the decomposition into a “background flow” and a “per-
turbation” introduced in the study of sound waves (Sec. [VL.1)).

As hinted at by the notation, V(t,7) represents an average, with some underlying probability
distribution.

Theoretically, the Reynolds average ~ should be an ensemble average, obtained from an in-
finitely large number of realizations, namely experiments or computer simulations; in practice,
however, there is only a finite number N of realizations V(")(t,F), where n = 1,2,...,N la-
bels the realization. If the turbulent flow is statistically stationary, one may invoke the ergodic
assumption and replace the ensemble average by a time average:

N t+7/2

_ 1 1
W = Jim >V~ 2 /t (¢, 7) dt,

n=1 —T/2

where the duration 7 should be much larger than the autocorrelation time of the turbulent
velocity V/(¢,7). If the flow is not statistically stationary, so that V(¢,7) also depends on time,
then 7 must also be much smaller than the typical time scale of the variations of the mean flow.

Using the same averaging procedure, the fluctuating velocity must obey the condition
V/(t,7) = 0. (VIIL4)

That is, the random variable V'(¢,7) is centered for every t and 7.

Despite this fact, the turbulent velocity V/(¢,7) still plays a role in the dynamics, in particular
that of the mean flow, because its two-point, three-point and higher (auto)correlation functions are
in general non-zero. For instance, one can write—assuming that the mass density p is constant and
uniform throughout the fluid

VL F)I(E, 7) = pi(L,7) VAL, 7) + pvi(t, P VAL, 7).

The first term of the right member corresponds to the convective part of the momentum-flux density
of the mean flow, while the second one

T (t,7) = pVi(t, P) Vi(t, 7), (VIIL5)

which is the 7j-component of the rank 2 tensor

[TR(t, ) = pVI'(t,7) @V(t,7), ] (VIIL6)

is due to the rapidly fluctuating motion. Tg is called turbulent stress or Reynolds stress

VIil.1.3 Dynamics of the mean flow

For the sake of simplicity, the fluid motion will from now on be assumed to be incompressible.
Thanks to the linearity of the averaging process, the kinematic condition \Y V(t,7) = 0 leads to the
two relations

V-¥(t,7) =0 and V-V(t,7)=0. (VIILT)
That is, both the mean flow and the turbulent motion are themselves incompressible.
The total flow velocity V obeys the usual incompressible Navier—Stokes equation [cf. Eq. ]

p<8vgg’7) [0 - WV(W)> = —V(t,7) + AUt 7), (VIIL8)

(541 Reynolds-Spannung
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from which the equations governing the mean and turbulent flows can be derived. For the sake of
brevity, the arguments (¢, 7) of the various fields will be omitted in the following.

VIil.1.3 a Equations for the mean flow
Inserting the Reynolds decompositions (VIII.2)—(VIIL.3|) into the Navier—Stokes equation (VIII.8)

and averaging with the Reynolds average - leads to the so-called Reynolds equation

p BZ +(v- %)v] = —VP + AV — p(V' - V)V (VIIL.9a)

To avoid confusion, this equation is also sometimes referred to as Reynolds-averaged Navier—Stokes
equation. In terms of components in a given system of coordinates, this becomes, after dividing by
the mass density p and accounting for incompressibility (see below)

1dP S dvivii

pda; = dxd
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ot

+(V-V)vi=— +UvAV Vi=1,2,3. (VIIL.9b)

Using the incompressibility of the fluctuating motion, the rightmost term in Eq. (VIII.9a)) can
be rewritten as

—p(V- VWV =—pV-(V&V) = -V Tg.
The Reynolds equation can thus be recast in the equivalent form [cf. Eq. ([I1.24b)]

gt(pv) LT VT, (VIIL10)
with T the momentum-flux density of the mean flow, given by [cf. Egs. ([11.26b), (T11.26¢)]

T=?2g '+pvev-298 (VIIL11a)
i.e., in terms of components, o L o

T =Pg" + pvivi — 2S84, (VIIL.11b)

where S denotes the rate-of-shear tensor [Eq. ([L.17b)] for the mean flow, whose components are
given by [cf. Eq. (II1.17d)]

i
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Note that the third term within the brackets actually vanishes due to the incompressibility of the
mean flow, Eq. .

The form of the Reynolds equation emphasizes perfectly the role of the Reynolds stress,
i.e. the turbulent component of the flow, as “external” source driving the mean flow. In particular,
the off-diagonal terms of the Reynolds stress describe sources of shear stresses, which will lead to
the appearance of eddies in the flow.

Remark: The two equations (VIII.9a)—(VIII.9b)) involve the material derivative “following the mean

flow”

—

VRV (VIIL12)

=

_9
Dt Ot
which we shall further use in the remainder of this chapter.

Starting from the Reynolds equation (VIIL.9)), one can derive the equation governing the evolu-
. . . 1 (=)\2 . .
tion of the kinetic energy §p(v) associated with the mean flow, namely

=2
Bt <p;/> ==V [2V+ (Ta — 208) -] + (Ta — 25): §. (VIIL13)
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(¥,
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Traditionally, this equation is rather written in terms of the kinetic energy per unit mass k =
in which case it reads

Dk - [1— = — = =
D]: =-V- [gpv VeV —2v8)-V]+ (Ve V —2v8):§, (VIIL.14a)
p
or in terms of components
Dk d [l e LA —
== —; N [p’.PvJ +;(v”v’ﬂ - 2usw)w] +‘Z:: ( i — 2V5w)s (VIIL14b)

In either form, the physical meaning of each term is rather transparent: first comes the convective
transport of energy in the mean flow, given by the divergence of the energy flux density, inclusive
a term from the turbulent motion. The second term represents the energy which the mean flow
“loses”, namely either because it is dissipated by the viscous friction forces (term in vS : S), or
because it is transferred to the turbulent part of the motion (term involving the Reynolds stress).

To prove Eq. (VIII.13), one should first average the inner product with v of the Reynolds equa-
tion (VIIL.9), and then rewrite v-VP and V- (V’ . V)V’ under consideration of the incompressibility
VIIL.7)

condition (

Remark: While equations (VIIL.9) or (VIII.14) describe the dynamics of the mean flow, they rely
on the Reynolds stress, which is not yet specified by the equations.

VIIl.1.3 b Description of the transition to the turbulent regime

Turbulence takes place when the effects of Reynolds stress Tg—which represents a turbulent
transport of momentum —predominates over those of the viscous stress tensor 2pv'S associated with
the mean flow, i.e. when the latter can no longer dampen the fluctuations corresponding to the
former.

Let v, resp. L. denote a characteristic velocity resp. length scale of the fluid motion. Assuming
that averages—here, a simple average over the volume is meant—over the flow yield the typical
orders of magnitude

V2
<Z [ViVIiS;; > ~ —C and <Z VSIS, > L2C, (VIIL.15)

J=1 5,j=1

then in the turbulent regime the first of these terms is significantly larger than the second, which
corresponds to having a large value of the Reynolds number Re = v.L./v [Eq. ], in agreement
with the qualitative discussion in §[VIIL.I.1b!

In that situation, the equation describing the evolution of the kinetic energy of the
mean flow becomes

DE o [l =
p
or component-wise
ﬁ 3
= - _Z o [ Pvi _|_Z /ZV/J ] + jz:l\,/%v/]s (VIII.16b)

That is, the viscosity is no longer a relevant parameter for the dynamics of the mean flow.

As already discussed above, the first term on the right hand side of Eq. represents the
convective transport of energy in the mean flow, while the second term describes the transfer of
energy from the mean flow into the turbulent motion, and thus corresponds to the energy “dissipated”
by the mean flow. Invoking the first relation in Eq. , the rate of energy dissipation per
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unit mass in the mean flow is thus

3
s, = <Z VIVIS,; > ~ Z— (VIIL17)

1,j=1

This grows like the third power of the typical velocity, i.e. faster than v2, as was mentioned at the
end of §[VIIL.I.Ta] for the turbulent regime of the Hagen—Poiseuille flow. In addition, this energy
dissipation rate is actually independent of the properties (mass density, viscosity...) of the flowing
fluid: turbulence is a characteristic of the motion, not of the fluid itself.

Eventually, the middle term in Eq. must be negative, so that the energy really flows
from the mean flow to the turbulent motion, not in the other direction!

Remark: Looking naively at the definition of the Reynolds number, the limit of an infinitely large
Re corresponds to the case of a vanishing shear viscosity, that is, to the model of a perfect fluid.
As was just discussed, this is clearly not the case: with growing Reynolds number, i.e. increasing
influence of the turbulent motion, the number of eddies in the flow also increases, in which energy
is dissipated into heat. In contrast, the kinetic energy is conserved in the flow of a perfect fluid.
The solution to this apparent paradox is simply that with increasing Reynolds number, the velocity
gradients in the flow also increase. In the incompressible Navier—Stokes equation, the growth of AV
compensates the decrease of the viscosity v, so that the corresponding term does not disappear and
the Navier—Stokes equation does not simplify to the Euler equation.

VIIl.1.4 Necessity of a statistical approach

As noted above, the evolution equation for the mean flow involves the Reynolds stress, for which
no similar equation has yet be determined.

A first, natural solution is simply to write down the evolution equation for the turbulent velocity
V/(t,7), see Eq. below. Invoking then the identity

=
gt[pV’(t, 7) @V(t,7)] = pavé?r) QV/(t,7) + pV'(t,7) ®

N/ (t,7)

ot
one can derive a dynamical equation for Tg, the so-called Reynolds-stress equation|™)| which in
component form reads

D _op'S"T 4 E <_’P’v”gj + PVIg™ 4 pviiviiviE — V—dxlz )
— 3 —
dv dv dv’ dvy
T Tt my VIII.18
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Irrespective of the physical interpretation of each of the terms in this equation, an important issue
is that the evolution of pv/Vv/J involves a contribution from the components pv/iviv’k of a tensor of
degree 3. In turn, the evolution of pv/iv’Jv’¥ involves the tensor with components pv/ivivkv/l and
so on: at each step, the appearance of a tensor of higher degree simply reflects the nonlinearity of
the Navier—Stokes equation.

All in all, the incompressible Navier-Stokes equation is thus equivalent to an infinite
hierarchy of equations relating the successive n-point autocorrelation functions of the fluctuations
of the velocity field. Any subset of this hierarchy is not closed and involves more unknown fields
than equations. A closure prescription, based on some physical assumption, is therefore necessary to

obtain a description with a finite number of equations governing the (lower-order) autocorrelation
functions. Such an approach is presented in Sec. [VIII.2

(9) Reynolds-Spannungsgleichung
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An alternative possibility is to assume directly some ansatz for the statistical behavior of the
turbulent velocity, especially for its general two-point autocorrelation function, of which the equal-
time and position correlator v/i(¢, F)v/J(¢,7) is only a special case. This avenue will be pursued in

Sec. [VIIL3]

Model of the turbulent viscosity

A first possibility to close the system of equations describing turbulence consists in using the phe-
nomenological concept of turbulent viscosity, which is introduced in § [VIII.2.1} and for which various

models are quickly presented in §[VIIIL.2.2HVIII.2.4]

VIIl.2.1 Turbulent viscosity

The basic idea underlying the model is to consider that at the level of the mean flow, the ef-
fect of the “turbulent friction” is to redistribute momentum from the high mean-velocity regions
those with a smaller mean velocity, in the form of a diffusive transport. Accordingly, the trace-
less part of the turbulent Reynolds stress is dealt with like the corresponding part of the viscous
stress tensor , and assumed to be proportional to the rate-of-shear tensor of the mean flow
(Boussinesq hypothesz':

Tr(t,7) —Tr [TR(t,F)]g‘l(t,F) = —2pvu. (t,7)S(,7), (VIII.19a)

where the proportionality factor involves the (kinematic) turbulent viscosity or eddy viscosit
Viurb, Which a priori depends on time and position. In terms of components in a coordinate system,
and replacing the Reynolds stress and its trace by their expressions in terms of the fluctuating
velocity, this reads

PV (t, F)VI(t,T) — 3P V/(t,7))% gV (t,7) = —2pvpurn(t, 7) S (t, 7). (VIIL.19b)
Using the ansatz (VIII.19) and invoking the incompressibility of the mean flow, which results in the

identity V-8 = %Aﬁ the Reynolds equation (VIIL.9) can be rewritten as

ov(t,7)
ot

— o — S (Pt 7 v/ t.7 2 o
+ [W(t,7) - V() = —v{ <p’ ", é’“” } + e (t, F)AV(E, F), (VIII.20)
with the effective viscosity

Vet (8, 7) = v + vyurb (L, 7), (VIIL.21)

while the term in curly brackets may be seen as the ratio of an effective pressure over the mass
density.

Even if the intrinsic fluid properties, in particular its kinematic viscosity v, are assumed to
be constant and uniform throughout the fluid, this does not hold for the turbulent and effective
viscosities Vyurh, Veff, because they model not only the fluid, but also its flow—which is time and
position dependent.

Either starting from Eq. (VIIL.20) multiplied by v, or substituting the Reynolds stress with the

ansatz (VIII.19)) in Eq. (VIII.14)), one can derive the equation governing the evolution of the kinetic
energy of the mean flow. In particular, one finds that the dissipative term now reads

3
fdiss = 2I/eff§ S = et Z gST]

ij=1

WD turbulente Viskositit, Wirbelviskositit

(a1) 7. BOUSSINESQ, 18421929
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Comparing with the rightmost term in Eq. (VIII.14]) gives for the effective viscosity
— Z ViviS,  2v Z SiS;;
1,5 2%
= — > S
ZZS”SM QZS”Sz‘j
2 12

where the inequality holds in the turbulent regime. There thus follows veg & Viup > V.

Veft =V,

It has been argued that in plasmas the turbulent viscosity viup could in some regimes be
negative—and of the same magnitude as v—, leading to a so-called “anomalous” effective vis-
cosity veg much smaller than v [30] B1].

Remark: To emphasize the distinction with the turbulent viscosity, v is sometimes referred to as
“molecular” viscosity.

While the ansatz allows the rewriting of the Reynolds equation in the seemingly
simpler form —in which the two terms contributing to the effective pressure are to be seen
as constituting a single field—, it still involves an unknown, flow-dependent quantity, namely the
effective viscosity veg, which still needs to be specified, which will be the topic of the next three
paragraphs.

VIIl.2.2 Mixing-length model

A first phenomenological hypothesis for the turbulent viscosity is that implied in the mixing-
length modedam) of Prandtl, which postulates the existence of a mizing lengthl)| ¢,,,, that repre-
sents the typical scale over which momentum is transported by turbulence.

The ansatz was motivated by an analogy with the kinetic theory of gases, in which the kinematic
viscosity v is proportional to the mean free path and to the typical velocity of particles.

In practice, £,, is determined empirically by the geometry of the flow.

Under this assumption, the turbulent viscosity is given by

2| Ova(t,T)
dy

in the case of a two-dimensional flow like the plane Couette flow (§ , or for a more general

motion

Vturb (8, T) = € (¢, 7) : (VIIL.22)

Vearb (8, 7) = £, (8, 7)|S(2, 7))

with |S| a typical value of the rate-of-shear tensor of the mean flow. In any case, the turbulent
viscosity is determined by local quantities.

The latter point is actually a weakness of the model. For instance, it implies that the turbulent
viscosity vanishes at an extremum of the mean flow velocity—for instance, on the tube axis
in the Hagen—Poiseuille flow—, which is not realistic. In addition, turbulence can be transported
from a region into another one, which also not described by the ansatz.

Eventually, the mixing-length model actually merely displaces the arbitrariness from the choice
of the turbulent viscosity vyup to that of the mixing length £,,, i.e. it is just a change of unknown
parameter.

VIII.2.3 k-model

In order to describe the possible transport of turbulence within the mean flow, the so-called
k-model was introduced.

) Mischungswegansatz V) Mischungsweglinge
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Denoting by K = %Y/T? the average kinetic energy per unit mass of the fluctuating flow, the
turbulent viscosity is postulated to be

1/2
Ve (£.7) = b6, YR T) (VIIL.23)

An additional relation is needed to describe the transport of &, to close the system of equations.
For simplicity, the actual relation [see Eq below] is replaced by a similar-looking equation,
in which the material derivative following the main flow of the average turbulent kinetic energy
equals the sum of a transport term—minus the gradient of a flux density, taken to be proportional
to the gradient of £'—, a production term—namely the energy extracted from the mean flow—,
and a dissipation term that describes the rate of energy release as heat, and whose form

< —3/2
Eawe = CF

is motivated by dimensional arguments, with C' a constant. Due to the introduction of this extra

phenomenological transport equation for &', which was not present in the mixing-length model, the
k-model is referred to as a one-equation modell(lx‘”i)

The k-model allows by construction the transport of turbulence. However, the mixing length £,
remains an empirical parameter, while two extra ones are now introduced in the transport equation
for the average turbulent kinetic energy.

Viil.2.4 (k-<)-model

In the k-model, the dissipation term fdiss, which stands for the ultimate transformation of turbu-
lent kinetic energy into heat under the influence of viscous friction, and should thus be proportional
to the viscosity v, is determined by a dimensional argument.

Another possibility is to consider the energy dissipation rate i?diss(t, 7)—which is usually rather
denoted as &—as a dynamical variable, whose evolution is governed by a transport equation of its
own. This approach yields a two-equation model the so-called (k-¢)-model.

A dimensional argument then gives £,, ~ K / Ediss., and thus

K'(t,7)

Vturb<t7 F) = C:_'
‘Zdiss. (ta T)

, (VIIL.24)

with C an empirical constant.

In this model—or rather, this class of models—, the mixing length is totally fixed by the dy-
namical variables, so that it is no longer arbitrary. On the other hand, the two transport equations
introduced for the average turbulent kinetic energy and the dissipation rate involve a handful of
parameters, which have to be determined empirically for each flow.

In addition, the (k-e)-model, like all descriptions involving a turbulent viscosity, relies on the
assumption that the typical scale of variations of the mean flow velocity is clearly separated from the
turbulent mixing length. This hypothesis is often not satisfied, in that many flows involve turbulent
motion over many length scales, in particular with a larger scale comparable to that of the gradients
of the mean flow. In such flows, the notion of turbulent viscosity is not really meaningful.

(vid) prngleichungsmodell Vi) Zweigleichungsmodell



	Introduction
	I Basic notions on continuous media
	Continuous medium: a model for many-body systems
	Basic ideas and concepts
	General mathematical framework
	Local thermodynamic equilibrium

	Lagrangian description
	Lagrangian coordinates
	Continuity assumptions
	Velocity and acceleration of a material point

	Eulerian description
	Eulerian coordinates. Velocity field
	Equivalence between the Eulerian and Lagrangian viewpoints
	Streamlines
	Material derivative

	Mechanical stress
	Forces in a continuous medium
	Fluids

	Bibliography for Chapter I

	II Kinematics of a continuous medium
	Generic motion of a continuous medium
	Local distribution of velocities in a continuous medium
	Rotation rate tensor and vorticity vector
	Strain rate tensor

	Classification of fluid flows
	Geometrical criteria
	Kinematic criteria
	Physical criteria


	Appendix to Chapter II
	Deformations in a continuous medium

	III Fundamental equations of non-relativistic fluid dynamics
	Reynolds transport theorem
	Closed system, open system
	Material derivative of an extensive quantity

	Mass and particle number conservation: continuity equation
	Integral formulation
	Local formulation

	Momentum balance: Euler and Navier–Stokes equations
	Material derivative of momentum
	Perfect fluid: Euler equation
	Newtonian fluid: Navier–Stokes equation
	Higher-order dissipative fluid dynamics

	Energy conservation, entropy balance
	Energy and entropy conservation in perfect fluids
	Energy conservation in Newtonian fluids
	Entropy balance in Newtonian fluids


	IV Non-relativistic flows of perfect fluids
	Hydrostatics of a perfect fluid
	Archimedes' principle
	Incompressible fluid
	Fluid at global thermal equilibrium
	Isentropic fluid

	Steady inviscid flows
	Bernoulli equation
	Applications of the Bernoulli equation

	Vortex dynamics in perfect fluids
	Circulation of the flow velocity. Kelvin's theorem
	Vorticity transport equation in perfect fluids

	Potential flows
	Equations of motion in potential flows
	Mathematical results on potential flows
	Two-dimensional potential flows


	V Non-relativistic dissipative flows
	Statics and steady laminar flows of a Newtonian fluid
	Static Newtonian fluid
	Plane Couette flow
	Plane Poiseuille flow
	Hagen–Poiseuille flow

	Dynamic similarity
	Reynolds number
	Other dimensionless numbers

	Flows at small Reynolds number
	Physical relevance. Equations of motion
	Stokes flow past a sphere

	Boundary layer
	Flow in the vicinity of a wall set impulsively in motion
	Modeling of the flow inside the boundary layer

	Vortex dynamics in Newtonian fluids
	Vorticity transport in Newtonian fluids
	Diffusion of a rectilinear vortex


	VI Waves in non-relativistic fluids
	Sound waves
	Sound waves in a uniform fluid at rest
	Sound waves in a moving fluid
	Riemann problem. Rarefaction waves
	Absorption of sound waves

	Shock waves
	Formation of a shock wave in a one-dimensional flow
	Jump equations at a surface of discontinuity

	Gravity waves
	Linear sea surface waves
	Solitary waves


	VII Fluid instabilities
	Gravitational instability in a perfect fluid at rest
	Sound waves in a fluid in a uniform gravity field
	Sound wave in a self-gravitating gas


	VIII Turbulence in non-relativistic fluids
	Generalities on turbulence in fluids
	Phenomenology of turbulence
	Reynolds decomposition of the fluid dynamical fields
	Dynamics of the mean flow
	Necessity of a statistical approach

	Model of the turbulent viscosity
	Turbulent viscosity
	Mixing-length model
	k-model
	(k-epsilon)-model

	Statistical description of turbulence
	Dynamics of the turbulent motion
	Characteristic length scales of turbulence
	The Kolmogorov theory (K41) of isotropic turbulence


	IX Convective heat transfer
	Equations of convective heat transfer
	Basic equations of heat transfer
	Boussinesq approximation

	Rayleigh–Bénard convection
	Phenomenology of the Rayleigh–Bénard convection
	Toy model for the Rayleigh–Bénard instability


	Appendices
	A Vectors and tensors
	Vectors, one-forms and tensors: the geometrical view
	Vectors
	One-forms
	Tensors
	Metric tensor
	Vector analysis

	Vectors and tensors in Cartesian coordinates
	Metric tensor

	Vectors and tensors in curvilinear coordinates

	B Basic elements of thermodynamics
	C Elements on holomorphic functions of a complex variable
	Holomorphic functions
	Definitions
	Some properties

	Multivalued functions
	Series expansions
	Taylor series
	Isolated singularities and Laurent series
	Singular points

	Conformal maps

	D Dimensional analysis
	Buckingham pi-theorem
	Physical dimensions and dimensionally independent quantities
	pi-theorem

	Examples of application
	Velocity of sea surface waves
	Expansion velocity of a shock front


	Bibliography


