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Small perturbation of fluid flow ! dispersion relation. Can involve complex numbers (§ VI.1.4).
Exponentially increasing solution? Signals instability of the fluid flow! (against linear perturbation)

VII.1 Gravitational instability in a perfect fluid at rest

VII.1.1 Sound waves in a fluid in a uniform gravity field
Consider a perfect fluid in a constant and uniform gravity field ~g, which defines the z direction.

As seen in § IV.1.2, in a domain over which the fluid mass density is assumed to be constant the
Euler equation

⇢0(t,~r)

⇢
@~v(t,~r)

@t
+

⇥
~v(t,~r) · ~r

⇤
~v(t,~r)

�
= �~rP (t,~r) + ⇢(t,~r)~g (VII.1)

and the continuity equation admit the static solution involving Pascal’s law (IV.4)

⇢(t,~r) = ⇢0 , P 0(t,~r) = P (0)
� ⇢0gz , ~v0(t,~r) =~0 (VII.2)

with P 0 the pressure at some reference altitude z = 0.
Let us consider a small adiabatic perturbation [cf. Eq. (VI.1)] of that reference state:

⇢(t,~r) = ⇢0 + �⇢(t,~r) (VII.3a)

P (t,~r) = P 0(t,~r) + �P (t,~r) = P (0)
� ⇢0gz + �P (t,~r) (VII.3b)

~v(t,~r) =~v0(t,~r) + �~v(t,~r) = �~v(t,~r) (VII.3c)

Inserting these fields into the continuity equation and Euler equation (VII.1) yields dynamical
equations for the perturbations �⇢, �P , �~v. Linearizing these equations in the perturbations, one
obtains

@�⇢(t,~r)

@t
+ ⇢0~r · �~v(t,~r) = 0 (VII.4a)

as in Eq. (VI.4a) and

⇢0
@�~v(t,~r)

@t
= ~r�P (t,~r)� �⇢(t,~r)~g. (VII.4b)

Using the adiabaticity condition as in § VI.1.1, the small variations of pressure and mass density
are related via the speed of sound (VI.5) (estimated at ⇢0):

�P (t,~r) = c2s�⇢(t,~r). (VII.4c)
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Combining the time derivative of Eq. (VII.4a) and the divergence of Eq. (VII.4b) under consid-
eration of relation (VII.4c), one finds

@2�⇢(t,~r)

@t
� c2s4�⇢(t,~r) + ~g · ~r�⇢(t,~r) = 0. (VII.5)

This is a linear partial differential equation, which reduces to the classical wave equation in the
absence of gravitational field.

Inserting in this evolution equation the Fourier ansatz

�⇢(t,~r) = e�⇢(!,~k) ei(~k·~r�!t) (VII.6)

leads at once to the dispersion relation

!2 = c2s~k
2 + i~g · ~k (VII.7)

for small perturbations. Effect of gravitation (i~g · ~k) only when wave vector ~k has a component
along the direction or ~g.

Sound waves in air on Earth: cs ⇡ 340 m · s�1, g ⇡ 9.8 m · s�2. The second term on the right
hand side of Eq. (VII.7) becomes comparable in absolute value to the first one when |~k| . 10�4 m�1.
This corresponds to wavelengths of order 10 km or higher, i.e. to frequencies below 1 Hz. Effect of
gravity on usual sound waves is thus negligible.

VII.1.2 Sound wave in a self-gravitating gas
Instead of the setup of the previous paragraph, in which the fluid is in an external gravity field,

let us now consider the case of an isolated perfect fluid, whose mass distribution creates a Newtonian
gravitational potential � according to the Poisson equation

4�(t,~r) = 4⇡GN ⇢(t,~r) (VII.8)

with Newton’s gravitational constant GN ' 6.67 ⇥ 10�11 m3 kg�1 s�2. The paramount example is
that of an interstellar cloud of mostly hydrogen.

While Eq. (VII.8) describes the influence of mass density on the gravitational potential, they
are further coupled together by the Euler equation

⇢(t,~r)

⇢
@~v(t,~r)

@t
+
⇥
~v(t,~r) · ~r

⇤
~v(t,~r)

�
= �~rP (t,~r)� ⇢(t,~r)~r�(t,~r). (VII.9)

In addition, mass density and velocity field obey the continuity equation. One could invoke a fourth
equation, namely an equation of state, to relate the pressure to the mass density, but this will not
be needed afterwards.

Instead, assume(43) that we take as starting point the stationary and uniform reference state

⇢0(t,~r) = ⇢0 , P 0(t,~r) = P 0 , ~v0(t,~r) =~0 , �0(t,~r) = �0. (VII.10)

As in § VII.1.1, we consider small adiabatic perturbations of the fields:

⇢(t,~r) = ⇢0 + �⇢(t,~r) (VII.11a)
P (t,~r) = P 0(t,~r) + �P (t,~r) (VII.11b)
~v(t,~r) = �~v(t,~r) (VII.11c)
�(t,~r) = �0 + ��(t,~r) (VII.11d)

with in addition
�P (t,~r) = c2s�⇢(t,~r). (VII.12)

(43)... following Jeans’ historical swindle! This assumption is not a valid solution of the equations, unless ⇢0 = 0.
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Invoking the continuity and Euler equation and the Poisson equation (VII.8), the perturbations
satisfy the coupled partial differential equations

@�⇢(t,~r)
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⇣⇥
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⇤
�~v(t,~r)

⌘
= 0 (VII.13a)
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and
4��(t,~r) = 4⇡GN �⇢(t,~r). (VII.13c)

For small perturbations, we can linearize these equations, which thus simplify to the system
@�⇢(t,~r)

@t
+ ⇢0~r · �~v(t,~r) = 0 (VII.14a)

⇢0
@�~v(t,~r)

@t
= �~r�P (t,~r)� ⇢0~r��(t,~r) (VII.14b)

4��(t,~r) = 4⇡GN �⇢(t,~r). (VII.14c)

Combining the divergence of the linearized Euler equation (VII.14b), using Eq. (VII.14c) for
the rightmost term, and the time derivative of Eq. (VII.14a), one obtains the partial differential
equation

@2�⇢(t,~r)

@t
� c2s4�⇢(t,~r)� 4⇡GN⇢0 �⇢(t,~r) = 0 (VII.15)

governing the evolution of the perturbation �⇢(t,~r). The Fourier ansatz �⇢(t,~r) = e�⇢(!,~k) ei(~k·~r�!t)

leads to the dispersion relation

!2 = c2s~k
2
� 4⇡GN⇢0 = c2s

�
k2 � k2J

�
(VII.16)

between the angular frequency ! and the wave vector ~k, where in the second identity we have
denoted k ⌘ |~k| and introduced the wave number

kJ ⌘

p
4⇡GN⇢0
cs

. (VII.17)

According to this dispersion relation, (linear) perturbations with wave number k > kJ propagate
with the phase velocity

c' =
!

k
= cs

q
1� k2J/k

2, (VII.18)

close to cs for very small wavelengths � = 2⇡/k and vanishing for k = kJ.
On the other hand, in the case of perturbations with a wavelength larger than the Jeans(aq) length

�J ⌘ 2⇡/kJ, the dispersion relation (VII.16) yields two modes with purely imaginary (angular)
frequencies

!±(k) = ±ics

q
k2J � k2, (VII.19)

which do not propagate since the real part of ! vanishes. While the amplitude of the mode with
! = !� decreases exponentially, that of the mode with ! = !+ will increase.(44) Since there is no
physical argument to discard these wildly growing modes, their existence signals the instability of
the reference state (VII.10) with respect to large-wavelength perturbations.

For air (⇢0 ' 1.3 kg ·m�3) at 300 K, resulting in a speed of sound cs ' 350 m · s�1, the Jeans
length is of order 6.7 ⇥ 104 km, three orders of magnitude larger than the thickness of the Earth
atmosphere — in which perturbations are thus stable.

(44)At least, within the limit of validity of the linear analysis performed here.
(aq)J. Jeans, 1877–1946


	Introduction
	I Basic notions on continuous media
	Continuous medium: a model for many-body systems
	Basic ideas and concepts
	General mathematical framework
	Local thermodynamic equilibrium

	Lagrangian description
	Lagrangian coordinates
	Continuity assumptions
	Velocity and acceleration of a material point

	Eulerian description
	Eulerian coordinates. Velocity field
	Equivalence between the Eulerian and Lagrangian viewpoints
	Streamlines
	Material derivative

	Mechanical stress
	Forces in a continuous medium
	Fluids

	Bibliography for Chapter I

	II Kinematics of a continuous medium
	Generic motion of a continuous medium
	Local distribution of velocities in a continuous medium
	Rotation rate tensor and vorticity vector
	Strain rate tensor

	Classification of fluid flows
	Geometrical criteria
	Kinematic criteria
	Physical criteria


	Appendix to Chapter II
	Deformations in a continuous medium

	III Fundamental equations of non-relativistic fluid dynamics
	Reynolds transport theorem
	Closed system, open system
	Material derivative of an extensive quantity

	Mass and particle number conservation: continuity equation
	Integral formulation
	Local formulation

	Momentum balance: Euler and Navier–Stokes equations
	Material derivative of momentum
	Perfect fluid: Euler equation
	Newtonian fluid: Navier–Stokes equation
	Higher-order dissipative fluid dynamics

	Energy conservation, entropy balance
	Energy and entropy conservation in perfect fluids
	Energy conservation in Newtonian fluids
	Entropy balance in Newtonian fluids


	IV Non-relativistic flows of perfect fluids
	Hydrostatics of a perfect fluid
	Archimedes' principle
	Incompressible fluid
	Fluid at global thermal equilibrium
	Isentropic fluid

	Steady inviscid flows
	Bernoulli equation
	Applications of the Bernoulli equation

	Vortex dynamics in perfect fluids
	Circulation of the flow velocity. Kelvin's theorem
	Vorticity transport equation in perfect fluids

	Potential flows
	Equations of motion in potential flows
	Mathematical results on potential flows
	Two-dimensional potential flows


	V Non-relativistic dissipative flows
	Statics and steady laminar flows of a Newtonian fluid
	Static Newtonian fluid
	Plane Couette flow
	Plane Poiseuille flow
	Hagen–Poiseuille flow

	Dynamic similarity
	Reynolds number
	Other dimensionless numbers

	Flows at small Reynolds number
	Physical relevance. Equations of motion
	Stokes flow past a sphere

	Boundary layer
	Flow in the vicinity of a wall set impulsively in motion
	Modeling of the flow inside the boundary layer

	Vortex dynamics in Newtonian fluids
	Vorticity transport in Newtonian fluids
	Diffusion of a rectilinear vortex


	VI Waves in non-relativistic fluids
	Sound waves
	Sound waves in a uniform fluid at rest
	Sound waves in a moving fluid
	Riemann problem. Rarefaction waves
	Absorption of sound waves

	Shock waves
	Formation of a shock wave in a one-dimensional flow
	Jump equations at a surface of discontinuity

	Gravity waves
	Linear sea surface waves
	Solitary waves


	VII Fluid instabilities
	Gravitational instability in a perfect fluid at rest
	Sound waves in a fluid in a uniform gravity field
	Sound wave in a self-gravitating gas


	VIII Turbulence in non-relativistic fluids
	Generalities on turbulence in fluids
	Phenomenology of turbulence
	Reynolds decomposition of the fluid dynamical fields
	Dynamics of the mean flow
	Necessity of a statistical approach

	Model of the turbulent viscosity
	Turbulent viscosity
	Mixing-length model
	k-model
	(k-epsilon)-model

	Statistical description of turbulence
	Dynamics of the turbulent motion
	Characteristic length scales of turbulence
	The Kolmogorov theory (K41) of isotropic turbulence


	IX Convective heat transfer
	Equations of convective heat transfer
	Basic equations of heat transfer
	Boussinesq approximation

	Rayleigh–Bénard convection
	Phenomenology of the Rayleigh–Bénard convection
	Toy model for the Rayleigh–Bénard instability


	Appendices
	A Vectors and tensors
	Vectors, one-forms and tensors: the geometrical view
	Vectors
	One-forms
	Tensors
	Metric tensor
	Vector analysis

	Vectors and tensors in Cartesian coordinates
	Metric tensor

	Vectors and tensors in curvilinear coordinates

	B Basic elements of thermodynamics
	C Elements on holomorphic functions of a complex variable
	Holomorphic functions
	Definitions
	Some properties

	Multivalued functions
	Series expansions
	Taylor series
	Isolated singularities and Laurent series
	Singular points

	Conformal maps

	D Dimensional analysis
	Buckingham pi-theorem
	Physical dimensions and dimensionally independent quantities
	pi-theorem

	Examples of application
	Velocity of sea surface waves
	Expansion velocity of a shock front


	Bibliography


