Summer term 2015 Hydrodynamics Universitit Bielefeld

Tutorial sheet 4

Discussion topics:
- Give the basic equations governing the dynamics of perfect fluids.
- What is the Bernoulli equation? Give some examples of application.

10. Rotating fluid in a uniform gravitational potential

Consider an ideal fluid contained in a straight cylindrical vessel which rotates with constant angular
velocity 0= Q€3 about its vertical axis, the whole system being placed in a uniform gravitational
field —g&3. Assuming that the fluid rotates with the same angular velocity and that its motion is
incompressible, determine the shape of the free surface of the fluid.

Hint: Landau & Lifshitz, Fluid dynamics §10.

11. Differential form of Thomson’s theorem

This appellation will become clearer after the lectures in the first week of May. The content of these lectures is not needed to solve

the exercise.

i. Consider the motion of an ideal fluid in a gravitation potential. Show that the vorticity vector field
W(t, ) obeys the equation
( ) adj(ﬂ F) = — —» -
T =V x [V(t,’l”) X W(t,f")]
Hint: Use the conservation of the entropy per particle to transform the pressure term in the Euler
equation.

ii. Stationary vortex: Let d(t,7) = Ad(x!) §(2?) & be the vorticity field in a fluid, with A a real
constant and {z'} Cartesian coordinates. Determine the corresponding flow velocity field v(¢, 7).

Hint: You should invoke symmetry arguments and Stokes’ theorem. A useful formal analogy is provided
by the Maxwell-Ampére equation of magnetostatics.

12. Simplified model of star

In an oversimplified approach, one may model a star as a sphere of fluid—a plasma—with uniform
mass density p. This fluid is in mechanical equilibrium under the influence of pressure P and gravity.
Throughout this exercise, the rotation of the star is neglected.

i. Determine the gravitational field at a distance r from the center of the star.

ii. Assuming that the pressure only depend on r, write down the equation expressing the mechanical
equilibrium of the fluid. Determine the resulting function ?(r). Compute the pressure at the star center
as function of the mass M and radius R of the star. Calculate the numerical value of this pressure for
M =2 x 1030 kg (solar mass) and R = 7 x 10® m (solar radius).

iii. The matter constituting the star is assumed to be an electrically neutral mixture of hydrogen
nuclei and electrons. Show that the order of magnitude of the total particle number density of that
plasma is n ~ 2p/m,, with m,, the proton mass. Estimate the temperature at the center of the sun.

Hint: my = 1.6 x 10727 kg; kg = 1.38 x 10723 J.K~L.



