Curvilinear coordinates
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Curvilinear coordinates

@ Changing coordinates
@ Covariant differentiation of vector and tensor fields

@ Application (tomorrow): Milne coordinates

Recipes, without proof nor attempt at rigor!
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Motivation:
an issue with polar coordinates

Consider the (2D) plane with

@ Cartesian coordinates (x,y) £ (x!,x?) with associated basis vectors
(ex.ey) £ (er,ez) — note the at first bizarre primed indices as well as
their positions; 1= the reference!

@ the usual polar coordinates (r,0) £ (x!,x2) with the associated basis
vectors (ér,&s) £ (€1,€2) — here with unprimed indices.

The position R of a point P of the plane may be denoted

R =xé +yé, =3 xiéy = xi'éy

But you know that you would NOT write R = reé. + 6és = xié. 2
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Moftivation:
an issue with polar coordinates

If you look at two neighboring points P and P + dP and call dR their
separation, you will also write (Cartesian coordinates)

dR = dx8x + dyey, = 2 dxiey = dxiey

And perhaps are you then ready to write (polar coordinates)
dR = dré: + d6&

so that at least one formula:

Is valid in every coordinate system.

Fine? Let us see where this is leading fto...
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Separation vector between neighboring
points in arbitrary coordinates

. OR . .
It is tempting to write df = - da' .
An issue is that we know how to express R as a function of the
Cartesian coordinates {z" }, but in general not in terms of arbitrary

coordinates {z'}.

We generally know how to express the {2} in terms of the {z’ } and

reciprocally: functions z*({z*}) and =" ({z'}).

For instance: r(z,y) = Va2 +42 , 0(z,y) = arctan(y/x)
and z(r,0) =rcosf , y(r,0) =rsinf
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Separation vector between neighboring
points in arbitrary coordinates

. OR .
It is tempting to write df = - da' . (2)
An issue is that we know how to express R as a function of the
Cartesian coordinates {z" }, but in general not in terms of arbitrary

coordinates {z'}.

We generally know how to express the {2} in terms of the {z’ } and

reciprocally: functions z*({z*}) and =" ({z'}).

iz We may write R({z'}) = 2({z*})&, + y({z'})&, = 2 ({z*}) &
and now differentiate w.r.t. xi:

./ ./

OR  Ox s . 1B — ox

p— —)'/ ’ 3
ox’ ox’ Vi 0x’ Cird (3)
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Basis vectors of an arbitrary
coordinate system

Identifying Egs. (1) and (3), we find the “proper” basis vectors {€; }:

i . \

L v’ o 4
ai= 2% 5,40 (4)
ox? }

For the polar coordinates:  z(r,0) =rcosf , y(r,0) =rsind

@:cosﬁ, @:siné’ = ¢, =cosfé, +sinbe,

or or

0 0

a—z:—rsinﬁ, a—‘zzrcose = €9 = —rsinfe, +rcosbe,

Well e; is fine and I knew it, but... this €5 is not normalized to 1! &
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Motivation:
a problem with polar coordinates

For the polar coordinates: x(r,0) =rcos6 , y(r,0) = rsin@

€, = cosble, +sinb e, cp = —rsinf e, +rcosbe,
Well é; is fine and I knew it, but... this s is not normalized to 1! &)
Indeed! But who said it should? @9

Now &g is well-behaved in the limit r — 0, when 8 is not defined: isnt

=—

this a nice feature, worth discarding the normalization? &

(the perplexed students): OK, we'll live with it...
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Metric tensor

Start from eq.(1): dR = dxié and square it:

dR? = (dz'8;) - (d2?8;) = (&; - &;)da’ da?

and replace: dR? = gi; da’ da?

@ Cartesian coordinates: g¢;/jy = 051 & dR? = (dﬂi‘) (dy)2

@ Polar coordinates:* gi11 =g =1, g22 =goo =7, gro = gor = 0

& dR? = (dr)? + r%(d9)?

looks familiar...

gij is called metric tensor.
(More precisely, these are its components, but lets not be picky today).

" Using the expressions of &, s in terms of éx, é,, since we know the
scalar product in Cartesian coordinates.
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Metric tensor and its inverse

Define gii such that its “product” (more accurately: contraction) with the
metric tensor equals the identity:

9 g1 = 0},
gl is called the inverse metric tensor.

Cartesian coordinates: gi'i'= §7J'; polar coordinates: g~ =1, g% = 1/r2.

gij and gi can be used to lower / raise indices:

@ No impact on Cartesian components
@ In polar coordinates: no impact on r-components, 9-components
vary.

1z What does it mean? Not much today...
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Next step: generalize!

Starting from coordinates {z' } with orthogonal* and normalized* basis

vectors {€;}, one goes to alternative coordinates {z"}:

@ with the basis vectors ¢; = (?f -¢;; such that dR = da’ é; holds
aj’L

@ and the metric tensor ¢i; =¢&;-& such that dR? = gi; da’ da? .

We may do that:

® ... in 2-dimensional Euclidean space: gi/;- = diag(+1, +1)
® ... in 3-dimensional Euclidean space: gij’ = diag(+1, +1, +1)

@ ... in 4-dimensional Minkowski space: gi;’ = diag(-1, +1, +1, +1)

“ Using the appropriate (pseudo)scalar product encoded in g/
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Second motivation:
another issue with polar coordinates

How should one differentiate?

Consider a (smooth enough) function f.

Its derivatives are supposed to measure the variations of the function

in the various respective directions:

0
flx+dz,y) = f(z,y) + a—i&v

and so on...
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Second motivation:
another issue with polar coordinates

How should one differentiate?

Consider a (smooth enough) function f(r,0).

Its derivatives are supposed to measure the variations of the function
in the various respective directions:

f(r,0+00) ~ f(r,0) + %59

and so on...
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Second motivation:
another issue with polar coordinates

> ., sin@
For instance: f(r,0) = cosfé€, —
with (slide 6) &. = cosf&, +sinf&, and & = —rsinf €, + rcosf €,

Let us differentiate:
cosf _

8f(r,«9)_8cos@_, 190sinf_ 0z
00 06 or r 00 ST Er r ~0

—

OK, fine!
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Second motivation:
another issue with polar coordinates

> ., sin@
For instance: f(r,0) = cosfé€, —
with (slide 6) &. = cosf&, +sinf&, and & = —rsinf €, + rcosf €,

Let us differentiate:

—

Of(r,0) Odcosb 18811’1«9_,  snga cos b _
00 06 or r 00 ST Er r ~0
OK, fine!
— 1 9
Wait! f(r,0) = cos 0 €, > €9
r
. o sin 6 L .
:COSQ(COS(Qex—I—SIHQGy) ( rsm@ex—l—frcosﬁey)
r
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Second motivation:
another issue with polar coordinates

> ., sin@
For instance: f(r,0) = cosfé€, —
with (slide 6) &. = cosf&, +sinf&, and & = —rsinf €, + rcosf €,

Let us differentiate:

—

Of(r,0) Odcosb 18811’1«9_,  snga cos b _
00 06 or r 00 ST Er r ~0
OK, fine!
— 1 9
Wait! f(r,0) = cos 0 €, > €y
r
. o sin 6 L .
:COSQ(COS(Qex—I—SHl@ey) ( rsm@ex—l—rcosﬁey)
r

— &, = constant! How can its derivative be # 0?

UNIVERSITAT

Hydrodynamics, Bielefeld, Spring term 2024 N.Borghini — 12/19 BIELEFELD

I Fakultat fur Physik



Second motivation:
another issue with polar coordinates

- 0 _
For instance: f(r,0) = cosfé€, Sin o
Let us differentiate: are also functions of (r,@)!
3.‘.--# _Z_(’?smé’ ——= oS0 _
N1 0§ o iy
Use the product rule! OK, fine!
- in 6
Wait! f(r,0) = cos 0 €, > €y
r
. o sin 6 o L
:COSQ(COSHGQ;—I—SHI@ey) ( rsm@ex—l—frcosé’ey)

T

— €, = constant! How can its derivative be # 0
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Second motivation:
another issue with polar coordinates

For instance: vector field &(r,0) = c"(r,0)&.(r,0) + (v, 0)&y(r, 0)

To differentiate w.r.t. r or 6, one must not forget to differentiate the
basis vectors...

Every time? But that is time-consuming!

There is a nice trick!
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Covariant derivative

Consider the (position dependent: P) basis vectors {€;(P)} associated
with coordinates {z'} .

The partial derivative (‘96;(5’) is itself a vector at P:
X
1% can be written as linear combination of the {€;(P)}:
0¢; (P) q
o = TH(P)&(P)
with coefficients Ffj: Christoffel symbols. (symmetric under i< )

Consider now a vector field &P) = c¢'(P)&;(P)

OZ(P) dci(P)_ . de'(P) _ 0c'(P) | i (o &
B dgg i) With i~ ows T IaP)EE)

One has
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Covariant derivative

For a vector field &(P) = c¢'(P)&;(P) one has 9cp) _ dc'(P)

€;(P) with

the covariant derivatives O’ da’
dc’ ( ) Oct ( ) k
Proof:
oc(P) _ 0 (P) 08;(P)  dc'(P) R
O Oz € (P) + ¢'(P) Oxi Oz &i(P) +f (P )Ezj(]i ) €k (P)
CiFZ = cC F’ké’z
86( ) 86?’( ) L ; _ dCZ(P)
O 5.7 i)+ (P) I (P)&(P) = — —=&(P)
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Covariant derivative: polar coordinates

From €,(r,0) =cosf€, +sinfe, , €p(r,0) =—rsinfe, +rcosbe,
one computes

oe.(r,0) ~ 0e.(r, 6’) 1, 0€y(r, (9) 1, Ocg(r,0) |
Or =0 y o6 (7’ 6)) or (7“ 9) o0 ——TGT(T, 9)
. . . 0€;(P) . .
These derivatives are linear combinations i = I/ (P)ex(P) with
the Christoffel symbols !
1
P’)?:r — Fﬁr =0, Fr@ — Fgr — ;7 g@ — T, 7?:6 — gr =0, FgH =(
[ de¢t Oc! oc’ - oct ¥ .
— I F’L k — I FZ 6 — I 5@9
dr or rkC or ro© or r
IEZ
det  Oc . oc' oc' ir
A0 99 ke = g T Torc +Thpc” = 55 + 0% —rcd
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Covariant derivative: polar coordinates

Consider again the example
sin 0 _ (

c(r,0) = cos 0 €, €y
r

sin 0

= &)

i.e. with components ¢ =cosf , ¢’ =
.

and let us compute the covariant derivatives w.r.t r and ©:

) 7 0 r r 6 0 0
o wrtr: 9¢ _ ¢ - C 50 gives 4¢” _ 9 de” dc I
dr or r dr or dr or r
) det Oct " . L
@ w.r.t. 6: _ | i0 __ 0g5ir qives
0 - ag TS0 03
dc" Oc” 9 de? o ¢
o o0 '° an @ o0 VY
All covariant derivatives vanish! o)
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Covariant derivative:
rules for arbitrary tensor fields

de(P) _ Oc(P)

daJ oxJ

@ Scalar field:

dc'(P) _ dct(P)

@ “Contravariant vector”: . .
dx? ox)

@ “Covariant vector”: . .
dxd oxJ

L3 (P)er(P)

@ Arbitrary (m contra-, n covariant indices) tensor field:
ATy (P T ()

1---Jn 2R at3! lig - im im 11 tm—1l
dxk - 8g;7k | Fkl(P)Tj1---jn (P) T +sz (P)le...jn (P)
— T ()T (P) — - =T (P)T 7 (P)
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A last formula

To compute the Christoffel symbols with the help of the metric ftensor
and its inverse ©z no need to go back to the expression of the basis
vectors {€;} in terms of those of the Cartesian / Minkowski basis.

0g;1(P) 0gu(P) 0g;;(P)
ox’ OxJ Ox!

iz easy to automatize (symbolic algebra programs)
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