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IX.4.3 General equations of motion
By substituting the decompositions (IX.36)), (IX.42)) into the generic conservation laws (IX.2)),

(IX.7), one can obtain model-independent equations of motion, that do not depend on any assump-
tion on the various dissipative currents.
For that purpose, let us introduce the notation

VH(x) = AM(x)d,, (IX.47a)

where d,, v € {0,1,2,3} denotes the components of the 4-gradient d—involving covariant deriva-
tives in case a non-Minkowski system of coordinates is being used. In geometric formulation, this
definition reads

V(x) = A(x) - d. (IX.47b)

As is most obvious in the local rest frame at point x, in which the timelike component V°(x) vanishes,
V(x) is the projection of the gradient on the space-like 3-space orthogonal to the 4-velocity. Using
this 3-gradient, the 4-gradient can be written d = —u(u-d) + V, i.e. in terms of components

dy = —uu(u-d)+V,. (IX.47¢)

Recognizing that u - d is the derivative with respect to (proper) time in the local rest frame, this
decomposition has a clear meaning.
The charge conservation equation (IX.2) first yields

d, N (x) = ut(x)duNa(x) + Na(x)dut (x) + d,vH(x) = 0. (IX.48a)

In turn, the conservation (IX.7)) of the energy momentum tensor (IX.37)), projected perpendicular
to resp. along the 4-velocity, gives

AP, (x)d, T (x) = [E(x) + P(x)]ut(x)d,u’(x) + VP (x)P(x) + AP, (x)d, 7 (x) = 0 (IX.48b)

resp.
uy (x)d, T (x) = —u (x)duE(x) — [E(x) + P(x)]dput (%) 4 uy(x)d, 7 (x) = 0.

In the latter equation, one can substitute the rightmost term by
() () = i [y (YT ()] — 7 (%) dyny (%) = g (x) — 7 (x) dy (),

where the second equality follows from conditions ([X.41b) and (IX.41c), which altogether yield
uy (X)T* (x) = —g*(x). One thus obtains

u'(x)duE(x) + [E(x) + P(x)]duut (x) + dug” (x) + 77 (x)du (x)uy (x) = 0. (IX.48¢)

Equations (IX.48a))—(IX.48c|) represent the relations governing the dynamics of a dissipative fluid in
an arbitrary frame.

Remarks:

x The last term on the left hand side of Eq. ([X.48c|) can be further transformed. First, invoking
identity (IX.47c) and again u,(x)7*"(x) = —¢”(x), one finds

T () duuy (x) = ¢7 ()uP () dpup (x) + 7 (%) Vi, () uy ().

Then the terms u(x)¢”(x) and u”(x)g"(x) in 7#¥(x) do not contribute to the rightmost term: the
former, because the “spatial gradient” V(x) is orthogonal to the four-velocity; the latter, because
u” (x) Vi (x)uy (x) = 5V,(x) [u” (x)uy (x)] is the derivative of a constant. All in all, one has

TH (%) djyuy (x) = g7 (x)uP (x)dpuy (x) + @ (x) Vi (X)uy (x). (IX.49)
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x From the general equations of motion ([X.48) one can deduce the simpler forms they take when
adopting Eckart’s or Landau’s choice of four-velocity. With Eckart’s definition, the third term
d - ve(x) in Eq. (IX.48a) drops out for the charge current used to define u(x), since v4(x) = 0.

In turn, when using Landau’s choice of 4—velocity the heat 4-current q(x) vanishes while T(x)

reduces to @(x), which leads to simplifications in Egs. (IX.48b) and (IX.48c].

Entropy law in a dissipative relativistic fluid
The derivation of the equations of motion ([X.48|) was purely algebraic, following from insert-

ing the constitutive relations (IX.36)) and (IX.37) into the general conservation equations. In the
perfect-fluid case, one could deduce at once the behavior — the conservation — of entropy, invoking
thermodynamic relations (§[1X.3.2)). The key point was that the energy density €, pressure P, and
number densities 7, that enter the perfect-fluid constitutive equations (IX.17)) are the thermody-
namic quantities of a system at (local) equilibrium. As stated in the second remark at the end of
§ this does not hold for £, N,, P in Egs. and — where P is actually not
unambiguously defined. What follows should be expanded and updated

Inserting the thermodynamic relation e+P = T's+ > u,1, into the dynamical equation
and using de = T'ds + ) pq dng, one finds

T, [s0u (] + 3 ptad [ ()] + g () + 7 (<) iy () = 0.
The second term can be transformed with the help of the charge-conservation equation ([X.48a)):
Invoking in addition relation ([X.49) for the fourth term yields
T [s0w(x)] = 3 pa(x) v (%) — du(x) — = (x) Ty (X1t () — @ (O () ().

Next we can add two terms inside the square brackets on the left hand side, which partly cancel
the first two terms in the right member:

P(x) — L(X)VM X ¢"(x) =—-T(x vH(x Ha(X) - ¢"(x) X
T st 00 - 3 2ot + 4] =100 S wraa | e - T a, T

— D ()Y ()1 () — ¢ (<) (x)dy (x):
(IX.50)

The first two terms on the right hand side can be further transformed: since the dissipative four-
currents v, (x) and q(x) are orthogonal to the four-velocity, one has the identities v4'd, = V4V, and
q"d, = ¢"V,. Then, since the viscous tensor @ is symmetric, one has

v 1 v
() Tl () = 2 () [ Vi) () + Vo () ()]
Using now the decomposition @ (x) = m(x) + II(x) A" (x) |[Eq. (IX.41d)] and
1 1 2 1 1
i(Vuu,j + V,,uu) =3 Vau, + Vyuy, — gAW(V . u)] + gA;W(V . u) =S, + gAuu(v . u),

where the S, are the components of a traceless tensocomparing with Eq. ([1.18d), this is the
rate-of-shear tensor—, while V - u is the (spatial) 3-divergence of the 4-velocity field, one finds that

Eq. (IX.50) becomes

d,S*(x) = — T (x) II(x)

—_— X) — XJu"(X) — vV, (X ua(X)
)80 = S Tl ) — w9 e
0 [T
700 | 169

(O This choice of form for u(x) is often announced as “let us work in the Landau frame”, which means that the local
rest frame at each point of the fluid is the Landau frame.
(%5)In the notation introduced in the remark at the end of §IX.4.1) Spw = Vi, uyy.

+ up(x)dpuﬂ(x)} . (IX.51a)
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where we have introduced the definition

SH(x) = s(u(x) — > /;3((:)) q"(x)

T(x)"

vk (x) 4+ (IX.51Db)
These are the components of an entropy 4-current S(x), comprising on the one hand the convective
transport of “thermodynamic” entropy—which is the only contribution present in the perfect-fluid
case, see Eq. —, and on the other hand contributions from the diffusive currents v, (x) and
q(x). The term on the left hand side of Eq. is the 4-divergence of this current, and thus
describes its local change.

Let Q be the 4-volume that represents the space-time trajectory of the fluid between an initial
and a final times. Integrating Eq. (IX.51b) over Q while using the same reasoning as in §
one sees that the left member will yield the change in the total entropy of the fluid between these
two times. This entropy variation must be positive to ensure that the second law of thermody-
namics holds. Accordingly, one requests that the integrand should be positive: d,S*(x) > 0. This
requirement can be used to build models for the dissipative currents.

Remark: Equation (IX.51b) is actually only correct at first order.

IX.4.4 Relativistic Navier—Stokes theory

The decompositions ([X.36[), (IX.42]) are purely algebraic and do not imply anything regarding
the physics of the fluid. Any such assumption involves two distinct elements: an equation of state,

relating the energy density € to the thermodynamic pressure P and the conserved-charge densities
nq; and a set of constitutive equations that model the dissipative effects, i.e. the diffusive charge
4-currents v, (x), the heat flux density q(x) and the dissipative stress tensor T(x).

Several approaches are possible to construct such constitutive equations. A first one would be to
compute the conserved-charge 4-currents and energy-momentum tensor starting from an underlying
microscopic theory, in particular from a kinetic description of the fluid constituents. Alternatively,
one can work directly at the “macroscopic” level, using the various constraints applying to such
models.

A first constraint is that the tensorial structure of the various currents should be the correct
one: using as building blocks the 4-velocity u, the 4-gradients of the temperature 7', the chemical
potential u, and of u, as well as the projector A, one writes the possible expressions of the Lorentz-
scalar II, the 4-vectors v, and g, and the tensor . Another condition is that the second law of
thermodynamics should hold, i.e. that when inserting the dissipative currents in Eq. , one
obtains a 4-divergence of the entropy 4-current that is always positive.

Working in the Landau frame in which the heat flux density q(x) vanishes, and assuming
a single conserved charge, the simplest—but not the most general—possibility that satisfies all
constraints is to request

II(x) = —¢(x) V¥ (x)uu(x) (IX.52a)

for the dissipative pressure,

™ (x) = —n(x) | VF(x)u"(x) + V(x)u*(x) — %A’“’(x) [VP(x)u,(x)] | = —2n(x)S"(x) | (IX.52b)

for the components of the shear stress tensor, and

(69)The corresponding formulae for II, 7#" and ¢" valid in the Eckart frame, in which v vanishes, can be found e.g.

in Sec. 2.4 of Ref. |38].
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U (x) = —k(x) [mrvwx)[;g] (IX.52¢)

for the components of the dissipative conserved-charge 4-current. 7, (, k are three positive num-
bers which implicitly depend on the space-time position, inasmuch as they vary with temperature
and chemical potential. The first two ones are obviously the shear and bulk viscosity coefficients,
respectively, as hinted at by the similarity with the form of the viscous stress tensor of a
non-relativistic Newtonian fluid. Accordingly, the equation of motion in which the dissi-
pative stress tensor is substituted by w"” = ' + I[IA* with the forms (IX.52a), (IX.52b) yields
a relativistic version of the Navier—Stokes equation.

What is less obvious is that « in Eq. does correspond to the heat conductivity—which
explains why the coefficient in front of the gradient is written in a rather contrived way.

Inserting the dissipative currents ([X.52)) in the entropy law (IX.51b), the latter becomes

: I1(x)? P 2 2

o - Tm) | MO e Lo 53)
)T(x)  C)T(x) [ n(X)T(x) | £(x)T(x)

Since n(x) is space-like and all three transport coefficients 7, {,  positive, the right hand side of

this equation is positive, as it should.

The constitutive equations only involve first order terms in the derivatives of velocity,
temperature, or chemical potential. In keeping, the theory constructed with such Ansétze is referred
to as first order dissipative fluid dynamics—which is the relativistic generalization of the set of laws
valid for Newtonian fluids. Alternatively (and more accurately, since other first-order theories can
be formulated), one also talks of Relativistic Navier—-Stokes(—Fourier) theory.

This simple analogy with the non-relativistic case, together with the fact that only 3 transport
coefficients (for the case with a single conserved charge) are needed, makes the “traditional” for-
mulation of first-order dissipative relativistic fluid dynamics & la Landau presented here — or its
variant in the Eckart frame — attractive. However the approaches suffer from an issue that does
not affect the non-relativistic counterpart. Indeed, it has been shown that many solutions of the
relativistic Navier-Stokes(—Fourier) equations in the Landau-Lifshitz or Eckart formulations are
unstable against small perturbations [39]. Such disturbances will grow exponentially with time, on
a microscopic typical time scale. As a result, the velocity of given modes can quickly exceed the
speed of light, which is of course unacceptable in a relativistic theory. In addition, gradients also
grow quickly, leading to the breakdown of the small-gradient assumption that implicitly underlies
the construction of first-order dissipative fluid dynamics.

Violations of causality actually occur for short-wavelength modes, which from a physical point
of view should not be described by fluid dynamics since they involve length scales on which the
system is not “continuous”. As such, the issue is more mathematical than physical. These modes
do however play a role in numerical computations, so that there is indeed a problem when one
is not working with an analytical solution.

However, it was shown in 2019 [40] that there exist formulations of relativistic first-order dis-
sipative fluid dynamics—still based on the gradients of temperature and chemical potentials
as well as the 4-velocity, as in the non-relativistic case—, using more general classes of reference
frames, that are causal and stable against small linear perturbations. This finding also holds in
the general-relativistic context [41]. However, the corresponding equations involve more transport
coefficients than the Landau or Eckart frame formulations, and the reference frames do not have as
simple a physical interpretation.

(6D A crucial point is precisely that of the definitions of these notions.
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IX.4.5 Second order dissipative relativistic fluid dynamics

To remedy the instability of the usual Landau—Lifshitz or Eckart formulations of first-order
dissipative relativistic fluid dynamics—which is especially a problem for numerical implementations,
in which rounding errors will quickly propagate if the theory is unstable—, theories going beyond a
first-order expansion in gradients were developed.

Coming back to an arbitrary 4-velocity u(x), the components of the entropy 4-current S(x) in a
first-order dissipative theory read

SH (X) _ _{P(X)g“V;‘X()X) T,“V(X) u, (X) B Z /;:1((:)) N(‘;L (X), (IX54&)
or equivalently
SH(x) = s(x)ut(x) — Z Ha () vk (x) + Lq“(x) (IX.54b)
T(x) T(x)

which reduces to the expression between square brackets on the left hand side of Eq. with
Landau’s choice of 4-velocity.

This entropy 4-current is linear in the dissipative 4-currents v(x) and q(x). In addition, it is
independent of the velocity 3-gradients—encoded in the expansion rate V(x)-u(x) and the rate-of-
shear tensor S(x)—, which play a decisive role in dissipation. That is, the form can be
generalized. A more general form for the entropy 4-current is thus

B iy (%) 1 1
S(x) = s(x)u(x) — T v(x) + mq(x) + WQ(X) (IX.55a)

or equivalently, component-wise,
_ fhy (%) 1
S‘u(X) = S(X)U‘M(X) — T(X) l/'u(X) + mq“(x) + mQu(X), (IX55b)

with Q(x) a 4-vector, with components Q*(x), that depends on the flow 4-velocity and its gradients—
where V(x)-u(x) and S(x) are traditionally replaced by II(x) and 7(x)—and on the dissipative
currents:

1
X

Q" (x) = Q" (u(x), v(x), q(x), I1(x), ﬂ(x)) . (IX.55¢)

In second order dissipative relativistic fluid dynamics with for simplicity a single conserved
charge, the most general form for the additional 4-vector Q(x) contributing to the entropy density
is [42, 143 |44]

x)II(x)2 X)q (x)? x)70(x) 1 70(x ao(x a1 (x
Q(X) _ 50( )H( ) + ﬁl( );%((X)) + BZ( )7[( ) 7'[( )U(X) . 1?(()()) H(x)qN(x) . T}((X)) ﬂ(X)'qN(X),
(IX.56a)
where »
vt = a0 - P v

component-wise, this reads

_ BoC)II() 4+ B1 () 4y (x)? + B2(x) T (x) (%)
2T (x)

Q" () = g ()~ ) T 06

(IX.56b)

The 4-vector Q(x) is now quadratic (“of second order”) in the dissipative currents—in the wider

sense—q(x), v(x), II(x) and 7(x), and involves 5 additional coefficients depending on temperature
and particle-number density, ag, a1, Bo, 81, and [o.

Substituting this form of Q(x) in the entropy 4-current , the simplest way to ensure

that its 4-divergence should be positive is to postulate linear relationships between the dissipative
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currents and the gradients of velocity, chemical potential (or rather of —u/T), and temperature
(or rather, 1/T), as was done in Egs. ([X.52). This recipe yields differential equations for II(x),
7(x), qy(X), representing 9 coupled scalar equations of motion. These describe the relaxation—with
appropriate characteristic time scales 1, 7o, Tay respectively proportional to By, B2, 51, while the
involved “time derivative” is that in the local rest frame, u - d—, of the dissipative currents towards
their first-order expressions ([X.52)).

Adding up the new equations to the usual ones ([X.2]) and (IX.7]), the resulting set of equations,
known as (Miille (bt‘)f)lsrae (bu) Stewar@ theory, is no longer plagued by the issues that affects
the relativistic Navier—Stokes—Fourier equations.
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