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VI.2 Shock waves

When the amplitude of the perturbations considered in Sec. cannot be viewed as small, as for
instance if [6V| < ¢s does not hold, the linearization of the equations of motion is no longer
licit, and the nonlinear terms of the Euler equation play a role.

A possibility is then that at a finite time ¢ in the evolution of the fluid, a discontinuity in some
of the fields may appear, referred to as shock wave How this may arise will be discussed in
the case of a one-dimensional problem (§ . At a discontinuity, the differential formulation of
the conservation laws derived in Chap. [[IT no longer holds, and it becomes necessary to study the
conservation of mass, momentum and energy across the surface of discontinuity associated with the

shock wave (§[VI.2.2).

VI.2.1 Formation of a shock wave in a one-dimensional flow

As in §|VIL.1.1] we consider the propagation of an adiabatic perturbation of a background fluid
at rest, in the absence of gravity or of other external volume forces. In the one-dimensional case,
the dynamical equations (VI.3) read

Op(t, )

dov(t, ) Op(t, x)

T p(t, x) D + ov(t, z) B 0, (VI.23a)
Oov(t, x) dov(t, x) DOP(t,x)
p(t, x) 9 ov(t, ) D + i 0. (VI.23b)

The variation of the pressure 0(t,x) can again be expressed in terms of the variation in the mass
density dp(t, z) by invoking a Taylor expansion [cf. the paragraph between Eqs. (VI.4) and (VL.5))].
Since the perturbation of the background “flow” is no longer small, the thermodynamic state around
which this Taylor expansion is performed is not necessarily that corresponding to the unperturbed
fluid, but rather an arbitrary state, so that

0P(t,x) ~ cs (p(t,m))25p(t,a:), (VI.24)

where the speed of sound is that in the perturbed flow. When differentiating this identity, the
derivative of dp(t, z) with respect to x is also the derivative of p(¢, z), since the unperturbed fluid
state is uniform. Accordingly, one may recast Eqs. (VI.23)) as

dp(t, x) Av(t, x) Op(t, x)

5 Trte)—p — + vt z)—

=0, (VI.25a)
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dv(t, x) ddv(t, ) 20p(t,z)

which constitutes a system of two coupled partial differential equations for the two unknown fields
p(t,z) and ov(t,x) = v(t,x).

To deal with these equations, one may assume that the mass density and the flow velocity
have parallel dependences on time and space—as suggested by the fact that this property holds
in the linearized case of sound waves, in which both p(¢,7) and V(t,7) propagate with the same
phase (cg|k|t + k - 7). Thus, the dependence of v on ¢ and z is replaced with a functional depen-
dence v(p(t,z)), with the known value v(pg) = 0 corresponding to the unperturbed fluid at rest.

Accordingly, the partial derivatives of the flow velocity with respect to t resp. x become
ov(t,z)  dv(p) dplt,) ov(t,z)  dvip) dplt, )

ot dp ot ' ox dp Oz

The latter identities may then be inserted in Eqs. (VI.25)). If one further multiplies Eq. (VI.25a)) by
p(t,z)dv(p)/dp and then subtracts Eq. (VI.25b)) from the result, there comes

e

that is, discarding the trivial solution of a uniform mass density,

dv(p) _  cslp)

(VI.26)

dp p

The equations — are invariant under the simultaneous changes v — —v, z — —x,
and ¢; — —cs. Accordingly, one may restrict the discussion of Eq. to the case with a +
sign—the — case amounts to considering a wave propagating in the opposite direction with the
opposite velocity. The flow velocity is then formally given by

Pes(p!
vip) = [ a1
po P
where we used v(pp) = 0, while Eq. (VI.25b)) can be rewritten as
Op(t, ) Op(t, )

D) b [v(plt, ) +eslptt))] 222 <0 (V127

Assuming that the mass density perturbation locally propagates as a traveling wave, i.e. making
the ansat dp(t,x) o f(x — ¢ut) in Eq. , then its phase velocity ¢, will be given by
cw = c¢s(p) + v. Invoking Eq. then shows that dv(p)/dp > 0, so that ¢, grows with
increasing mass density: the denser regions in the fluid will propagate faster than the rarefied
ones and possibly catch up with them—in case the latter where “in front” of the propagating
perturbation—as illustrated in Fig. [VL.Il In particular, there may arise after a finite amount of
time a discontinuity of the function p(t,x) at a given point xy. The (propagating) point where this
discontinuity takes place represents the front of a shock wave.

VI.2.2 Jump equations at a surface of discontinuity

To characterize the properties of a flow in the region of a shock wave, one needs first to specify
the behavior of the physical quantities of relevance at the discontinuity, which is the object of this
section. Generalizing the finding of the previous section in a one-dimensional setup, in which the
discontinuity arises at a single (traveling) point, in the three-dimensional case there will be a whole
surface of discontmuitym that propagates in the unperturbed background fluid.

() This form is to be seen as the local form of the solution, not as a globally valid solution.
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Figure VI.1 — Schematic representation of the evolution in time of the spatial distribution
of dense and rarefied regions leading to a shock wave.

For the sake of brevity, the dependence on t and 7 of the various fields of interest will be omitted.

To describe the physics at the front of the shock wave, we adopt a comoving reference frame R,
which moves with the surface of discontinuity, and in this reference frame we consider a system of
Cartesian coordinates (z', 22, z3) with the basis vector & perpendicular to the propagating surface.
The region in front resp. behind the surface will be denoted by (+) resp. (—); that is, the fluid in
which the shock waves propagates flows from the (+4)- into the (—)-region: the former is upstream,
the latter downstream.

The jump of a local physical quantity g(7¥) across the surface of discontinuity is defined as

] =g.—4_. (VI.28)

1 1

where g, resp. g_ denotes the limiting value of g as 2 — 0" resp. 2t — 07. In case such a
local quantity is actually continuous at the surface of discontinuity, then its jump across the surface
vanishes.

At a surface of discontinuity Sy, the flux densities of mass, momentum, and energy across the
surface, i.e. along the z!-direction, must be continuous, so that mass, momentum, and energy remain
locally conserved. These requirements are expressed by the jump equatz‘ons{(hx)

[pv'] =0, (VI.29a)
[T'] =0 Vi=1,23, (VI.29b)

[[(;;;VQ +e+ £P> vl]] =0, (V1.29¢)

where the momentum flux density tensor has components T% = Pg¥ + pvivi [see Eq. (IL.21D)],
with g%/ = §% in the case of Cartesian coordinates.

U5 Sprunggleichungen
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The continuity of the mass flux density across the surface of discontinuity (VI1.29a) can be recast
as

()= (pvh)y =51 (VL.30)

A first, trivial solution arises if there is no flow of matter across the surface of discontinuity Sy, i.e.
if (v!); = (vl)_ = 0. In that case, Eq. is automatically satisfied. Condition (VI.29b) for
1 = 1 becomes [[T]] =0, i.e. the pressure is the same on both sides of Sq. Eventually, Eq. (VI.29b))
with 4 = 2 or 3 holds automatically. All in all, there is no condition on the behavior of p, v? or v3
across the surface of discontinuity—which means that these quantities may be continuous or not,
in the latter case with an arbitrary jump.

If j1 does not vanish, that is if some matter flows across Sq, then the jump equation for the

component T?! = pv2v1 resp. T3 = pv3v1 leads to [[vz]] = 0 resp. [[v?’]] =0, i.e. the component v?

resp. v3 is continuous across the surface of discontinuity:

(vVH_= (), resp. (V¥)_=(v?),. (VIL.31)

In turn, rewriting the jump equation for T = ? 4 p(v!)? with the help of j; yields

2 2= [()- )] = (- L), (VL32)

Thus if p4 < p—, i.e. if the fluid is denser in the (—)-region downstream—as suggested by Fig. ,
then P_ > P, , while relation (VI.30) yields (v!), > (v)_{5%)

p->pp, Po>Pp, (V> (v (VI1.33)

By invoking the necessary non-decrease of entropy, one can show (see Ref. [4], § 87) that these
inequalities indeed hold.

Combining Egs. (VI.30) and (VI.32)) yields

() ]2 = b = BmPeppe 2= Pipe

A pe—py P p——pt ot
and similarly
1 12_ P —Pypy
[(vH-]" = ——.
P—— P+ P-
If the jumps in pressure and mass density are small, one can show that their ratio is approximately

the derivative 0P /dp, here at constant entropy and particle number, evaluated in the vicinity of
the point where the jump occurs, i.e.

1,12 & 5?) p— _ P- 2 1) 12 o P2
-] <6p onpor P (V- e

With p_ > p; comes (V1) > cs resp. (v!)_ < cs upstream resp. downstream of the shock front
The former identity means that an observer comoving with the surface of discontinuity sees in front
of her/him a fluid flowing with a supersonic velocity, that is, going temporarily back to a reference
frame bound to the unperturbed fluid, the shock wave moves with a supersonic velocity.

(38) Conversely, p1 > p_ would lead to P_ < P and (v!) < (v!)_.

39 Here we are being a little sloppy: one should consider the right (z! — 0%) and left (z' — 07) derivatives,
corresponding respectively to the (+) and (—)-regions, and thus find the associated speeds of sound (cs)+ and
(cs)— instead of a single cs.
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Invoking the continuity across Sq of the product pv! and of the components v2, v3 parallel to
the surface of discontinuity, the jump equation (VI.29¢)) for the energy flux density simplifies to

1 P i2 /1 1 P 4P
[[(vl)2+e+]]=h< >+€++ S )

2 p 2 \p2 2 P p-

Expressing j? with the help of Eq. (V1.32)), one finds

P_—-P 1 1 _
s(Li1)om o Vi
2 P+ p- p— P+
with w = e + P the enthalpy density, or equivalently
?‘Jrﬂ(l—l):e*—e‘ (VL.34D)
2 P+ p- P+ p-

Either of these equations represents a relation between the thermodynamic quantities on both sides
of the surface of discontinuity, and defines in the space of the thermodynamic states of the fluid
a so-called shock adiabatic curve, also referred to as dynamical adiabatic curv or Hugom'o
adiabatic curve, or RankinHugom’ot relation.

More generally, Eqs. (VI.30)—(VI1.34]) relate the dynamical fields on both sides of the surface of
discontinuity associated with a shock wave, and constitute the practical realization of the continuity

conditions encoded in the jump equations (VI.29).

) dynamische Adiabate
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