Spring term 2020 Hydrodynamics I Universitit Bielefeld

Tutorial sheet 11

Discussion topic: What is a sound wave? How do you derive the corresponding equation of motion?
How is the speed of sound defined? What happens when the amplitude of the wave becomes large?

21. One-dimensional “similarity flow”

Consider a perfect fluid at rest in the region = > 0 with pressure P and mass density pg; the region
x < 0is empty (P =0, p=0). At time ¢t = 0, the wall separating both regions is removed, so that the
fluid starts flowing into the region z < 0. The goal of this exercise is to solve this instance of Riemann’s
problem by determining the flow velocity v(t,x) for ¢ > 0. It will be assumed that the pressure and
mass density of the fluid remain related by
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throughout the motion. This relation also gives you the speed of sound ¢(p).

i. Assume that the dependence on t and z of the various fields involves only the combination v = z/ t[]
Show that the continuity and Euler equations can be recast as

[u—v(w)] () = plu)V(u)
p(u)[u—v(u)] v'(u) = Z(p(w)) p'(w),
where p’ resp. v/ denote the derivative of p resp. v with respect to u.
ii. Show that the velocity is either constant, or obeys the equation u — v(u) = ¢s(p(u)), in which case
the squared speed of sound takes the form c2(p) = c2(po)(p/po)? " .

iii. Show that the results of i. and ii. lead to the relation

o) = o+ —=e(pfu).

where a denotes a constant whose value is fixed by the condition that v(u) remain continuous inside
the fluid. Show eventually that in some interval for the values of u, the norm of v is given by

v(w) = —

= ﬁ [cs(po) — u]

iv.  Sketch the profiles of the mass density p(u) and the streamlines x(¢) and show that after the
removal of the separation at # = 0 the information propagates with velocity 2c¢s(po)/(v — 1) towards
the negative-x region, while it moves to the right with the speed of sound c4(p).

!... which is what is meant by “self-similar”.



