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The model of a continuous medium

 A statistical model for the ‘‘large-scale’’ behavior of a many-body 
system (with N = 103 – 1030 ‘‘elementary’’ constituents):

 Forget the discrete constituents (atoms…) and the 6N corresponding 

kinematic variables (positions & momenta: trajectories)

 … and describe the system as a continuum, characterized by a few 

fields that depend on time t and position r:

 Coarse graining: the ‘‘material point’’ / ‘‘fluid particle’’ at a given r 

corresponds actually to a finite but very small volume containing 
many (yet ≪ N) atoms.

 The medium properties (= densities, local intensive thermodynamic 

variables) should vary smoothly with r.

… in general: there will be exceptions!
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 A statistical model for the ‘‘large-scale’’ behavior of a many-body 
system (with N = 103 – 1030 ‘‘elementary’’ constituents):

 Forget the discrete constituents (atoms…) and the 6N corresponding 

kinematic variables (positions & momenta: trajectories)

 … and describe the system as a continuum, characterized by a few 

fields that depend on time t and position r:

 Coarse graining: the ‘‘material point’’ / ‘‘fluid particle’’ at a given r 

corresponds actually to a finite but very small volume containing 
many (yet ≪ N) atoms.

 The medium properties (= densities, local intensive thermodynamic 

variables) should vary smoothly with r.

… in general: there will be exceptions!

Does it make sense to describe 1000 particles as 
a continuous medium?? Why not 100? Or 10?



A timely question! 
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Local thermodynamic equilibrium

At each point r of the continuous medium under study, the equation  
of state — e.g.: relation between pressure, temperature, and number 
density — is the same as in a system with the same microscopic 
constituents in the thermodynamic limit.


 should generally be ensured in the limit of very small Knudsen 
numbers


Kn ⌘ `mfp

L
<latexit sha1_base64="loMHvBWTj8hsWlbVBXFnoUx6A7s="></latexit>

mean free path

macroscopic length scale
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Describing the motion 

of a continuous medium

 Lagrangian description

 Variables t, R (in the initial / reference configuration)

 Follow the trajectories r = r (t, R ) of the material points


    material point velocity 


 Eulerian description

 Variables t, r (time-independent);  fields     =    (t, r )

 Velocity field: v(t, r ) = velocity      of the material point 

~v(t) =
@~r(t, ~R)

@t
<latexit sha1_base64="HOkVpCA8fJGLhzqs5tS0MA4zh3M="></latexit>

G
<latexit sha1_base64="0Ke+SGfKs07znmK7RQZOfOnP8VI="></latexit>

G
<latexit sha1_base64="0Ke+SGfKs07znmK7RQZOfOnP8VI="></latexit>

that goes through r at time t
~v(t)
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Describing the motion 

of a continuous medium

 Lagrangian description

 Pathlines (= trajectories),  streaklines


    can easily be imaged


 Eulerian description

 Streamlines (= field lines of the velocity field v(t, r ) at a given t)


    mathematical construction! 
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Material derivative (of a field)

D

Dt
⌘ @

@t
+~v(t,~r) · ~r

<latexit sha1_base64="b4DoGFZbYu97T1t/K0LpMFW8Q0w="></latexit>

⚠ shorthand notation: ⌘ @

@t
+ vx(t,~r)

@

@x
+ vy(t,~r)

@

@y
+ vz(t,~r)

@

@z
<latexit sha1_base64="FoBtpSPWFA88n4aUuefAGPgaoj4="></latexit>

⚠ differential operator: needs to act on a field…

⚠ do not confuse             with the divergence            !~r·~v(t,~r)
<latexit sha1_base64="TFJDBkShisa//K7pWaM7AqvDR2w="></latexit>

~v(t,~r) · ~r
<latexit sha1_base64="dKBC9k0Y9jaiG1nOSqE5Cvtswaw="></latexit>
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Material derivative (of a field)

D

Dt
⌘ @

@t
+~v(t,~r) · ~r

<latexit sha1_base64="b4DoGFZbYu97T1t/K0LpMFW8Q0w="></latexit>

 Measures the rate of change of a (Eulerian) quantity   (t, r )…

 due to the non-steadiness (∂t ≠ 0) of the motion at point r


 ‘‘local derivative’’

 due to the transport of matter encoded in v(t, r )


 ‘‘convective derivative’’

G
<latexit sha1_base64="0Ke+SGfKs07znmK7RQZOfOnP8VI="></latexit>
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Forces in a continuous medium
Two types of forces on material element at r  in a continuous medium:

 Volume forces:


 long-range (e.g.: gravity, inertial forces)

 proportional to the volume of the material element

 characterized by a volume density fV( r ).


 Surface forces:

 due to the neighboring material elements: contact forces

 acting at each point of the material-element surface

 characterized by a stress vector Ts( r ) ≡ force per unit area


 normal stress resp. shear stress: orthogonal resp. tangential to 
the surface element.



~Ts(~r) =

0

@
· · ·
· · ·
· · ·

1

A~en
<latexit sha1_base64="KTyluebBwyllmen9TkLn9xHWERw="></latexit>

 depends on the orientation of the surface element acted upon


 diagonal elements: yield the normal stress

 off-diagonal elements (rem.: symmetric): yield the shear stress
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Forces in a continuous medium
stress vector Ts( r ) ≡ force per unit area

unit normal vector

8 > < > : <latexit sha1_base64="og9SzHhfjut32AbxPI7cBbE44+U="></latexit>

Cauchy stress tensor !( r )

~Ts(~r)
<latexit sha1_base64="tMF9lcAVHJG65k+mIRlqN3oMhTw="></latexit>
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Fluids

… are continuous media that keep deforming as long as they undergo 
shear stresses.


 gases, liquids, plasmas  (+ human or animal crowds…)


In a fluid at rest, there can be no shear stress, only normal stresses 
(a.k.a. pressure)


⇒ diagonal stress tensor                       �i
j(~r) = �P (~r)�ij
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