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 Reynolds’ transport theorem


 Equations of motion of a perfect fluid


 Equations of motion of a Newtonian fluid


Fundamental equations of 

nonrelativistic fluid dynamics

Throughout these slides, Cartesian coordinates ({ xj }, { vj }, …) are used: 

xj = x 

j , vj = v 
j… for j = 1,2,3
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Momentum law for a real fluid 
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In a real (≠ perfect) fluid, friction forces and heat transport are no 
longer neglected. 


The momentum-flux tensor can take a more complicate form than in 
the perfect-fluid case (cf. slide 13):


where the ‘‘viscous stress tensor’’         is function of the derivatives 
of the velocity field (and possibly of other thermodynamical quantities).

For a ‘‘Newtonian fluid’’:

TTTij(t,~r) ⌘ P (t,~r) �ij + ⇢(t,~r) vi(t,~r) vj(t,~r) + ⇡ij(t,~r)
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Momentum law for a Newtonian fluid 
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… reads


where


with
TTTij(t,~r) ⌘ P (t,~r) �ij + ⇢(t,~r) vi(t,~r) vj(t,~r) + ⇡ij(t,~r)

<latexit sha1_base64="8z48vNuW4zMgjw6xiawWtCr4LzA="></latexit>

⇡ij(t,~r) ⌘� ⌘(t,~r)


@vi(t,~r)

@xj
+

@vj(t,~r)

@xi
� 2

3

⇥
~r · ~v(t,~r)

⇤
�ij(t,~r)

�

� ⇣(t,~r)
⇥
~r · ~v(t,~r)

⇤
�ij(t,~r)

<latexit sha1_base64="sl7U+V+HZ7/1IEGMguGBB+mECd0="></latexit>

@

@t

⇥
⇢(t,~r) vi(t,~r)

⇤
+

3X

j=1

@TTTij(t,~r)

@xj
= f i

V (t,~r)

<latexit sha1_base64="45vzEc/tQe+wl9rPLFyuuCZ+Qys="></latexit>

  : shear viscosity — multiplies the shear stress tensor


  : bulk (or second) viscosity — multiplies the volume expansion rate 
fraisezuiii: only relevant in compressible flows!

⌘
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Navier–Stokes equation

  : shear viscosity

  : bulk viscosity

           : kinematic shear viscosity


  ,  : Pa ⋅ s (= ‘‘Poiseuille’’ [pronounce: ≈ Puasöj]);    : m2 ⋅ s-1
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Navier–Stokes equation

Boundary conditions: 

at a wall or an obstacle, ‘‘impermeability’’ + ‘‘no slip’’ (friction!)


 relative velocity vanishes
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Stress vector (cf. lecture I) on a small surface element


with                        normal unit vector to the surface element. 


First line: normal stress: hydrostatic pressure + viscous part (absent 
in an incompressible flow).

Second line: tangential stress

Force exerted by a Newtonian fluid 
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… in the presence of conservative forces ~fV (~r) = �⇢(~r)~r�(~r)
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Viscous forces (shear + bulk) exert work

Heat is transported: heat current 


Fourier’ s law
~|Q(t,~r) = �~rT (t,~r)
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Entropy balance in a Newtonian fluid 

N.Borghini — III-22/22Hydrodynamics I, Bielefeld, Spring term 2020

SSS(t,~r) : SSS(t,~r) ⌘
3X

i,j=1

SSSij(t,~r)SSSij(t,~r)

<latexit sha1_base64="nXgXDmG3QI2UQe4z5Q3PagsFl7E="></latexit>

SSSij(t,~r) ⌘
1

2


@vi(t,~r)

@xj
+

@vj(t,~r)

@xi
� 2�ij

3
~r ·~v(t,~r)

�

<latexit sha1_base64="hb33BCCoajZPNIyG0IAdZbb8M2s="></latexit>

@s(t,~r)

@t
+ ~r ·


s(t,~r)~v(t,~r)� 

~rT (t,~r)

T (t,~r)

�
=

1

T (t,~r)

(
2⌘SSS(t,~r) : SSS(t,~r) + ⇣

⇥
~r ·~v(t,~r)

⇤2
+ 

⇥
~rT (t,~r)

⇤2

T (t,~r)

)

<latexit sha1_base64="h2e51W5a2JgIdvJ9Fp3TCNLU+To="></latexit>

with

Entropy increases (second law!) if   ,  , and    are positive.⌘
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