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Fundamental equations of
nonrelativistic fluid dynamics

@ Reynolds’ transport theorem

@ Equations of motion of a perfect fluid
May 11 & 18

@ Equations of motion of a Newtonian fluid
June 8 & 15

Throughout these slides, Cartesian coordinates ({x;}, {v;}, ..) are used:

xj=x/,Vvi=vl.. forj=1.2,3
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Momentum law for a real fluid

In a real (# perfect) fluid, friction forces and heat transport are no
longer neglected.

The momentum-flux tensor can take a more complicate form than in
the perfect-fluid case (cf. slide 13):

TY(t,7) = P(t,7) 69 + p(t, )V (¢, ) VI (¢, 7) + 7 (L, 7)

where the “viscous stress tensor” 7(t,7) is function of the derivatives
of the velocity field (and possibly of other thermodynamical quantities).

For a "Newtonian fluid”: traceless
e N ————

il o L [ovi(E T OVI(ET) 2 L i,
©(t, 1) = —n(t,7) 507 T T h 3 [V. v(t,r)}é I(t,7)
—C(t,P)[V - V(t,T)]67 (t,7)
diagonal
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Momentum law for a Newtonian fluid

9 N T (T L,
creads o[t AvieR] + Y T
j=1
where
TY(t,7) = P(t,7) 69 + p(t, ?) V' (£, ) VI (¢, 7) + 7 (L, 7)
with
Bife =\ — LOV(TE) OV (T 2 e L i -
Wﬂ(t,r):—n(t,fr){ 57 T py §[V v(t,fr)}éﬂ(t,fr)

— () [V ()69 (1, 7)
@ 1): shear viscosity — multiplies the shear stress tensor

@ (: bulk (or second) viscosity — multiplies the volume expansion rate
V- V(t,7): only relevant in compressible flows!
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Momentum law for a Newtonian fluid

Navier-Stokes equation

@ 7): shear viscosity
@ (: bulk viscosity

@ v =1/p: Kinematic shear viscosity

1, G: Pa-s (= “Poiseuille” [pronounce: = Puasdjl); v: m2.s-l
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Momentum law for a Newtonian fluid

Navier-Stokes equation

Boundary conditions:

@ at a wall or an obstacle, “impermeability” + “no slip” (friction!)
1= relative velocity vanishes
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Force exerted by a Newtonian fluid

Stress vector (cf. lecture I) on a small surface element

fi(e7) = 3 {|-o00) + (- 50) 95|,

Ov'(t,7) ~ Ov (t,r)}}nj(?) 5

T { Ord Ox

with €,(7) Zn ¢; normal unit vector to the surface element.

@ First line: normal stress: hydrostatic pressure + viscous part (absent
in an incompressible flow).

@ Second line: tangential stress
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Energy balance in a Newtonian fluid

—

. in the presence of conservative forces fy (%) = —p(7)V®(7)

@ Viscous forces (shear + bulk) exert work

@ Heat is transported: heat current j,(f,7) = —kVT(t,7)
Fourier’'s law
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Entropy balance in a Newtonian fluid

with S(t,7):S(¢,7) = Z Si;(t,7)Si;(t,7)

oz’ 3

Entropy increases (second law!) if 7,(, and s are positive.
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