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RHIC Au–Au results:
the fashionable view

A String−Theory Calculation of Viscosity

Physics Today, M
ay 2005

Could Have Surprising Applications

Ideal fluiddynamicsreproduce bothpt spectra andv2(pt) of soft
(pt . 2 GeV/c)identified particlesfor minimum bias collisions, near
central rapidity.
This agreement necessitates a softequation of state, and very short
thermalizationtimes:τthermalization < 0.6 fm/c.

⇒ strongly interacting Quark-Gluon Plasma
N. BORGHINI – p.2/30
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Ideal fluid dynamics
in heavy-ion collisions

A few reminders onfluid dynamics

Fluid dynamicsand heavy ion collisions: theory

Overall scenario

General predictions ofideal fluiddynamics

Momentumspectra

Anisotropic flow

Fluid dynamicsand heavy ion collisions: theory vs. data

Reconciling data and theory

(including predictions forCu–Cu@RHIC andPb–Pb@LHC)
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Fluid dynamics:
physical quantities

Microscopic parameters

λ = mean free path between two collisions
vthermal = average velocity of particles

Macroscopic parameters

L = system size
vfluid = fluid velocity

Micro and macro are connected: kinetic theory

cs = sound velocity∼ vthermal

η = viscosity∼ λ vthermal
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Fluid dynamics:
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Thermodynamic equilibrium? Knudsen numberKn =
λ

L

Kn � 1: Free-streaming limit
Kn � 1: Thermalization :Fluid (hydro) limit
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Fluid dynamics:
various types offlow

Thermodynamic equilibrium? Knudsen numberKn =
λ

L

Kn � 1: Free-streaming limit
Kn � 1: Thermalization :Fluid (hydro) limit

Viscous or Ideal? Reynolds numberRe =
Lvfluid

η

Re � 1: Ideal (non-viscous)flow
Re ≤ 1: Viscousflow

Compressible or Incompressible? Mach numberMa =
vfluid

cs

Ma � 1: Incompressibleflow
Ma > 1: Compressible (supersonic)flow
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Fluid dynamics:
various types offlow

Three numbers:

Kn =
λ

L
, Re =

Lvfluid

η
, Ma =

vfluid

cs

⇒ an important relation:

Kn × Re =
λ vfluid

η
∼ vfluid

cs

= Ma

Compressible fluid: Thermalized means Ideal

Viscosity≡ departure from equilibrium
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General scenario
of a heavy-ion collision

k0. Creation of a densegasof particles

k1. At some timeτ0, the mean free pathλ is much smaller thanall
dimensions in the system

⇒ thermalization(T0), ideal fluiddynamicsapplies

k2. Thefluid expands: density decreases,λ increases (systemsize also)

k3. At some time, the mean free path is of the same order as thesystem
size:ideal fluiddynamicsis no longer valid

“ (kinetic) freeze-out”

Freeze-outusually parameterized in terms of a temperatureTf.o.

If the mean free path varies smoothly with temperature, consistency
requiresTf.o. � T0
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Heavy-ion observable:
Anisotropic flow

Non-central collision:

y
z

x

Φ
R

φ-

b

Initial anisotropyof thesource

(in the transverse plane)

⇒ anisotropicpressure gradients,

larger along theimpact parameter~b
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Heavy-ion observable:
Anisotropic flow

Non-central collision:

y
z

x

Φ
R

φ-

b

Initial anisotropyof thesource

(in the transverse plane)

⇒ anisotropicpressure gradients,

larger along theimpact parameter~b

⇒ anisotropicemission ofparticles:

anisotropic (collective) flow

E
dN

d3p
∝ dN

pt dpt dy

[

1 + 2v1 cos(φ − ΦR) + 2v2 cos 2(φ − ΦR) + ...
]

��� ���
“directed” “ elliptic”

“Flow”: misleading terminology; does NOT implyfluid dynamics!
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CERN Heavy Ion Forum, July 5, 2005

Ideal fluid dynamics:
general predictions

Consistentideal fluiddynamicspicture requiresTf.o. � T0

⇔
Ideal-fluidlimit = Tf.o. → 0 limit
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Ideal fluid dynamics:
general predictions

Consistentideal fluiddynamicspicture requiresTf.o. � T0

⇔
Ideal-fluidlimit = Tf.o. → 0 limit

one can compute in a model-independent way

the spectrumE
dN

d3p
= C

∫

Σ

exp

(

−pµuµ(x)

Tf.o.

)

pµ dσµ

theanisotropic flowvn =

∫ 2π

0

dφ

2π
E

dN

d3p
cos nφ

∫ 2π

0

dφ

2π
E

dN

d3p

using saddle-point approximations

N.B. & J.-Y. Ollitrault, nucl-th/0506045
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fluid velocity
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particle momentum

theanisotropic flowvn =

∫ 2π

0

dφ

2π
E

dN

d3p
cos nφ

∫ 2π

0

dφ

2π
E

dN

d3p

using saddle-point approximationsaround the minimum of
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N.B. & J.-Y. Ollitrault, nucl-th/0506045
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Ideal fluid dynamics:
general predictions

Fluid velocity profiles:uµ =
1√

1 − ~v2

(

1

~v

)

Kolb & Heinz,nucl-th/0305084

Profile in non-central collisions

u

u

x

y

(velocity larger along the direction
of impact parameter)
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Ideal fluid dynamics:
general predictions

Slow particles(pt/m < umax(
π
2
)) move together with thefluid

u

u

x

y

There is a point where thefluid velocity
equals theparticle velocity
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u
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up to normalization constants:
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Ideal fluid dynamics:
general predictions

Slow particles(pt/m < umax(
π
2
)) move together with thefluid

u

u

x

y

There is a point where thefluid velocity
equals theparticle velocity

Similar spectrafor different hadrons,
up to normalization constants:

E
dN

d3p
= ch(m) f

(pt

m
, y, φ

)

vn

(pt

m
, y
)

universal!

⇒ mass-ordering ofv2(pt, y)

Calculations valid ifTf.o. � mv2
max (⇒ not for pions)
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Ideal fluid dynamics:
general predictions

Fast particles(pt/m > umax(0)) move faster than thefluid

Particlecomes from where
thefluid is fastestalong the
direction of itsvelocity:
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Saddle-point method even more predictive:
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Particlecomes from where
thefluid is fastestalong the
direction of itsvelocity:

u

u

x

y

Saddle-point method even more predictive:

E
dN

d2pt dy
∝ 1√

pt − mtvmax
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(
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0
max
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)
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Ideal fluid dynamics:
general predictions

Fast particles(pt/m > umax(0)) move faster than thefluid

Particlecomes from where
thefluid is fastestalong the
direction of itsvelocity:

u

u

x

y

Saddle-point method even more predictive:

E
dN

d2pt dy
∝ 1√

pt − mtvmax

exp

(

ptumax − mtu
0
max

Tf.o.

)

pt-dependent slopes ofmt spectra

v2(pt) ∝
umax

Tf.o.

(pt − mtvmax)

⇒ mass-ordering ofv2(pt)

v4(pt) =
v2(pt)

2

2
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RHIC data:
a personal choice [1/5]

v2(pt) at midrapidity, minimum bias collisions:
STAR Collaboration,nucl-ex/0409033
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Hydrodynamic results

π± systematic error
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v 2
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RHIC data:
a personal choice [2/5]

0.5 1 1.5 2 2.5 3

0

2

4

6

8

Magali Estienne - 20/06/05
STAR 

/100-π
/100+π

/5.5-K
/4.3+K

1×p
1×p
2.8×Λ
2.5×Λ
28×-Ξ
27.5×

+
Ξ

PHENIX 

/100-π
/100+π

/4.88-K
/4.32+K

2.05×p
2.2×p

All particles (except pions) with
pt

m
. 1.2 flow with the samevelocity!

Magali Estienne
private communication

pt spectra
atmidrapidity
vs.pt/m

- ' umaxslow
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RHIC data:
a personal choice [3/5]

v2(pt) for variouscentralities(impact parameters):
STAR Collaboration,nucl-ex/0409033
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RHIC data:
a personal choice [3/5]

v2(pt) for variouscentralities(impact parameters):
STAR Collaboration,nucl-ex/0409033
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�����*

data above
ideal fluid

6=
“hydroyields
maximumv2”
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RHIC data:
a personal choice [4/5]

(Pseudo)rapiditydependence ofv2

STAR Collaboration,
nucl-ex/0409033

η
-4 -2 0 2 4

 (
%

)
2v

0
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3

4

5

6

STAR

PHOBOS

Hirano & Tsuda,
Phys. Rev. C66 (2002) 054905

v2(hydro) flatter than data
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RHIC data:
a personal choice [5/5]

Transverse momentumdependence of
v4

(v2)2

STAR Collaboration,nucl-ex/0409033
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ideal fluid
prediction
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Ideal fluid dynamics
vs. RHIC data

♠ v2(pt) hydro < data

♠ v2(y) hydro 6= data

♠ v4

(v2)2
hydro < data



















is theideal fluidassumption valid?
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what is wrong withideal fluidscenario?

k0. Creation of a densegasof particles

k1. At some timeτ0 (∼ 0.6 fm/c in hydro models), the mean free path
λ is much smaller thanall dimensions in the system

⇒ thermalization,ideal fluiddynamicsapplies

k2. Thefluid expands: density decreases,λ increases (systemsize also)
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Ideal fluid dynamics
vs. RHIC data

♠ v2(pt) hydro < data

♠ v2(y) hydro 6= data

♠ v4

(v2)2
hydro < data



















what is wrong withideal fluidscenario?

k0. Creation of a densegasof particles

k1. At some timeτ0 (∼ 0.6 fm/c in hydro models), the mean free path
λ is much smaller thanall dimensions in the system

⇒ thermalization,ideal fluiddynamicsapplies

Is this really true?

What are the length scales in thesystemat timeτ0?
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Heavy ion collisions:
length scales

At time τ0, two possible choices for thesystemsizeL which entersKn

L = cτ0 longitudinal size (strong Lorentz contraction!)
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Heavy ion collisions:
length scales

At time τ0, two possible choices for thesystemsizeL which entersKn

L = cτ0 longitudinal size (strong Lorentz contraction!)

L = R̄ transverse size (̄R “reduced” radius,
1

R̄
=

√

1

σ2
x

+
1

σ2
y

)

At short times,τ0 . 1 fm/c, there are several possibilities:

1. λ � cτ0: early thermalization(preferred by most?)
2. λ ∼ cτ0

3. cτ0 � λ � R̄: only “transverse”thermalization
4. λ ∼ R̄
5. λ � R̄: “initial state” dominates

{

Anisotropic flowcannot resolve 1–3

RHIC datafavor 4
N. BORGHINI – p.19/30
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Dependence ofv2 on
centrality

The natural time scale forv2 is R̄/cs: massless particles
n

v2 scaled
by initial

excentricity
〈y2−x2〉
〈x2+y2〉

c2
s = 1

3

0.5 1 1.5 2 2.5 3

cs  t
����������

R

0.2

0.4

0.6

0.8

1

v2
��������

Ε Impact parameter dependence

b=2
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Dependence ofv2 on
centrality

The natural time scale forv2 is R̄/cs: massless particles
n

v2 scaled
by initial

excentricity
〈y2−x2〉
〈x2+y2〉

c2
s = 1

3

0.5 1 1.5 2 2.5 3

cs  t
����������

R
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0.4

0.6

0.8

1

v2
��������

Ε Impact parameter dependence

b=2

b=4

b=6

b=8

b=10

b=12

v2 knows nothing about early times!
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Anisotropic flow:
a control parameter

The natural time scale forv2 is R̄/cs

⇒ number of collisionsto build upv2:

1

Kn
' R̄

λ
= R̄σ n

(

R̄

cs

)

' cs

c

σ

S

dN

dy / Kn

v fully thermalized (hydro)

λR = 1/

partially thermalized

1

2

σ interaction cross section,n(τ) particle density,S transverse surface

SystemNOT thermalized⇔ v2 ∝ 1/Kn
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⇒ number of collisionsto build upv2:

1

Kn
' R̄

λ
= R̄σ n

(

R̄

cs

)

' cs

c

σ

S

dN

dy / Kn

v fully thermalized (hydro)

λR = 1/

partially thermalized

1

2

σ interaction cross section,n(τ) particle density,S transverse surface

SystemNOT thermalized⇔ v2 ∝ 1/Kn

1

S

dN

dy
control parameterfor v2
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Anisotropic flow:
a control parameter

The natural time scale forv2 is R̄/cs

⇒ number of collisionsto build upv2:

1

Kn
' R̄

λ
= R̄σ n

(

R̄

cs

)

' cs

c

σ

S

dN

dy / Kn

v fully thermalized (hydro)

λR = 1/

partially thermalized

1

2

σ interaction cross section,n(τ) particle density,S transverse surface

SystemNOT thermalized⇔ v2 ∝ 1/Kn

1

S

dN

dy
control parameterfor v2: to varyKn, one can study

centralitydependence (using the universality ofv2/ε)

beam-energy dependence

system-size dependence→ importance of lightersystems!

rapidity dependence
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Control parameter:
centrality dependence

Thenumber of collisionsto build upv2 is
1

Kn
' R̄σ n

(

R̄

cs

)

∝ σ

S

dN

dy
In Au–Au collisions at RHIC:

b R̄ (fm) dN
dy

n
(

R̄
cs

)

(fm−3)

0 2.07 1050 5.4

2 2.02 975 5.4

4 1.89 790 5.5

6 1.68 562 5.3

8 1.45 344 4.9

10 1.22 167 3.8

n
(

R̄
cs

)

, henceλ, varies little forb = 0–8 fm, while R̄ varies by 30%

centrality-dependence of
v2

ε
⇔ 1

S

dN

dy
-dependence
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Anisotropic flow:
incomplete thermalization

Centralityand beam-energy dependence:
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Anisotropic flow:
incomplete thermalization

Centralityand beam-energy dependence:
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Scaling lawseems to work for RHICdata(+ matching with SPS)
Dataalone do not point to asaturationof v2

N. BORGHINI – p.23/30



CERN Heavy Ion Forum, July 5, 2005

Anisotropic flow:
predictions for Cu–Cu

The matching between central SPS and peripheral RHIC suggests that
we can even comparesystemswith different densities, i.e., differentσ

we can compareAu–Au at b = 8 fm with Cu–Cuat b = 5.5 fm
(similar centrality)

If hydroholds,v2 should scale likeε:

v2(Cu) = 0.69 v2(Au)

If thermalizationis incomplete,
v2

ε
should scale like

1

S

dN

dy
, i.e.

v2(Cu) = 0.34 v2(Au)
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RHIC data:
incomplete thermalization

(Pseudo)rapiditydependence ofv2

STAR Collaboration,
nucl-ex/0409033
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Hirano, Phys. Rev. C65 (2002) 011901

N. BORGHINI – p.25/30



CERN Heavy Ion Forum, July 5, 2005

RHIC data:
incomplete thermalization

Ideal fluiddynamicspredicts
v4

(v2)2
=

1

2
, RHIC data are above (∼ 1.2)
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RHIC data:
incomplete thermalization

Ideal fluiddynamicspredicts
v4

(v2)2
=

1

2
, RHIC data are above (∼ 1.2)

increase can be explained byincomplete thermalizationnaturally:

vn proportional to the number of collisions
1

Kn
⇒ v4

(v2)2
∝ Kn

1/2

/

/

/ Kn

Kn= 1/

v4

v2

partially thermalized

fully thermalized (hydro)

1

1

1

R λ

= 1/R λ

R λ

2

v4

v2

N. BORGHINI – p.26/30



CERN Heavy Ion Forum, July 5, 2005

Dependence ofv2

on the speed of sound

How can data overshoot the “ideal fluidlimit”?
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Dependence ofv2

on the speed of sound

How can data overshoot the “ideal fluidlimit”?
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Dependence ofv2

on the speed of sound

How can data overshoot the “ideal fluidlimit”?
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Dependence ofv2

on the speed of sound

How can data overshoot the “ideal fluidlimit”?
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Dependence ofv2

on the speed of sound

How can data overshoot the “ideal fluidlimit”?
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Dependence ofv2
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Dependence ofv2

on the speed of sound

How can data overshoot the “ideal fluidlimit”?
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Ε Variation withcs

cs=0.05

cs=0.1

cs=0.15
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cs=0.3

cs=0.4

cs=0.5

For cs & 0.2, relativistic effects enter the game (v2 now depends oncs)

one can increasev2 by increasingcs!
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Reconciling data and theory

In hydrodynamical fits, thespeed of soundis constrained bypt spectra,
which require asoft equation of state

→ with ahard equation of state, the energy perparticleis too high

All relies on theassumptionthat the energy per particle is related to the
density, i.e., thatchemical equilibriumis maintained

chemical equilibriumis more fragile thankinetic equilibrium

the only experimental indication ofchemical equilibriumis in the
particle ratios (cf. howevere+e−. . . )

If there is nochemical equilibrium, energy per particle and density are
independent variables, as in ordinary thermodynamics

there is no constraint on theequation of statefrom pt spectra:
one can consider a largercs
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Incomplete thermalization
at RHIC

Ideal fluid dynamics: model-independent results
⇒ slow vs. fast particles

A reminder: the natural time scale foranisotropic flowis
R̄

cs
no knowledge about early times
anisotropic flowcannot conclude onthermalization

Size ofv2 controlled by
1

S

dN

dy
, but no hint at saturation in the data

incompletetransverse equilibration: λ ∼ R̄

anisotropic flowis a tool to measureλ!

v2 overshoots thehydrodynamicalprediction... because the latter
is over-constrained by a non-existentchemical equilibrium

Predictions forCu–Cucollisions at RHIC
N. BORGHINI – p.29/30
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Predictions for LHC
Measuringanisotropic flowat LHC, you will find

v2

ε
larger than at RHIC (getting closer tothermalization)

largersignal, larger statistics easier measurement

v4

(v2)2
smaller than at RHIC (closer to theideal fluidvalue

1

2
)

Well... that definitely means a smallersignal. . .

Smaller systems yield complementary values of
1

S

dN

dy
,

allowing checks (thermalizationor not?)

N. BORGHINI – p.30/30
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