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A well-defined mathematical problem...

Consider a finite-size-N rin% polymer (in a D-dimensional space):
“closed”: p; +py+--+py =0
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Take among the N ones.
What is the multiple correlation induced between by

the overall constraint p; +py +:--+py =07
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A well-defined mathematical problem...

Consider N particles constrained by (total) momentum conservation:

for instance, in the center-of-mass frame of the colliding nuclei, the NV
particles emitted in a Au-Au collision satisfy p; +py, + -+ py = 0.
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What is the correlation between induced by the

momentum-conservation constraint?
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An old idea...
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Experimental distributions of azimythal angles between particles produced in pp and pd
collisions at 28 GeV/c and K 7P collisions at 9 QeV/c are presented and studied.

The study of two-particle correlations is a natu-
ral step beyond the investigation of single-particle
distributions.’'* Such a study could be very ugeful
in clarifving our understanding of multiple-particle
production in high-energy collisions.

In this paper we concentrate on azimuthal corre-
lations, that is, distributions do/d¢,; where Pis_
ig the angle between transverse momenta k and k
of two final-state particles.

The main goal of our study is to identify the cor-
relationg which arige simply from momentum con-
gervation and the experimentally observed damping
of transverse momenta.
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An old idea...

PHYSICAL REVIEW D VOLUME 6, NUMBER 11 1 DECEMBER 1672

Azimuthal Correlations of High-Energy Collision Products

11, MOMENTUM-CONSERVATION CONSTRAINT

We consider the azimuthal distribution do”/d¢ in
a general reaction with » particles in the final
state. Transverse-momentum conservation im- da” do™
poses some constraints on this distribution. De- dep - ; dep,
noting the transverse momentum of the {th particle
by f{i , we see that transverse momentum conser-
vation gives the condition

}; 2+ 23 k,rk,=0 .

i 7
Upon averaging over all particles, we find n{%.®
+nln— 1Kk, k,;) =0, which suggests that {cogd)
==1/{n—1) and that a distribution do”/d¢ might be
expected to peak at ¢ =, the peak becoming less
pronounced as gy increages,
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Total momentum conservation
and statistical studies of jets

a A few useful definitions and properties

@ probability distributions, cumulants, generating functions...

a Multiparticle correlation induced by ftotal momentum conservation

@ a general, model-independent calculation

(Eur. Phys. J. C 30 (2003) 381)

a Specific study of two- and three-particle correlations due to total
momentum conservation

(Phys. Rev. C 75 (2007) 021904(R))
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Multiparticle correlations & cumulants

@ M-particle probability distribution f(p;,,- .., Piy):
probability that particles {i1, i2, ..., tm} have momenta p;,, Piy, - -+ Piu
irrespective of the momenta of the N — M other particles.

1 normalized to unity: [({p;, }) = O(1), VM

A useful mathematical tool:

Generating function of the probability distribution:

G(xla“'axN) — 1—|—£U1f(P1)—|—$2f(P2)—|——|—331332f(P1,P2)—|—
T1,...,TN auxiliary (complex) variables

Independent particles: f(p;;P2,---.Pn) = f(P1) f(P2) - f(PN)
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Multiparticle correlations & cumulants

@ M-particle cumulant of the probability distribution f.(p;, .-, Piy):

connected part of the probability distribution, responsible for the
“correlations” (= deviations from statistical independence)

f(p1.p2) = fe(P1) fe(P2) + fe(P1, P2)

e - @® + @O
(note: f(p) = fe(p)...)
At the three-particle level:

. @@@+€@D+ ﬁ@J’@% +@

Generating function of the cumulants: @

IHG(Qj‘l’, . 7$N) — X1 fC(pl) + X2 fc(pZ) T ... T T1X2 fc(P17P2) T ..
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Multiparticle correlations & cumulants

How do cumulants scale with the total multiplicity N?

For a system made of independent sub-systems (or with short-range
correlations only), the probability distributions add up:

f({p;}) :Z%M({pj}) i.e. G({z;}) HQA({NAQSJ })

A

N
At the cumulant level, InG({z;}) = Zln gA({ N }>

Expand, search for the coefficient of x;, ...z,

1
= fC(pi17"‘7p’iM) — O<NM1>

What about the case of particles whose momenta are constrained by
total momentum conservation?
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Total momentum conservation
and M -particle distribution

In the presence of the constraint from total momentum conservation,
the M -particle distribution reads:

N

(HF D, )/5D pi+---+pn) || [F(pj)d”p;]

j=M+1

f(plv'“apM): N
/5D(P1 +---+pnN) H [F(Pj) dDPj]

which one then inserts in the generating function...
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Total momentum conservation
and M -particle distribution

In the presence of the constraint from total momentum conservation,
the M -particle distribution reads:

single-particle distribution
in the absence of constraint

//5D(p1+---

M-independent denominator = 1/Cp

which one then inserts in the generating function...
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Generating function

Introducing the notation (g(p)) = /g(p)F(p) d”p, one finds:

G(xy,...,oN) = CD/(;T)I; <eik-p>N exp (Z 2 F(p;) <ellkl;g>)

71=1

EVaIN N 7, olkP; _
— C 1kp
D/(27T)D eXP ( _I_; N e1kp )

I shall show (using a saddle-point method) that

[
G(xla SR ,ZUN) X eN]:(kO) (1 ™ Z ]a\;q)

q>1
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Generating function

Introducing the notation (g(p)) = /g(p) p)d”p, one finds:

G(wl,...,CUN)

dPk
= Cp ()P exp

d7k ikpyN oy T
o | Ty ™ p(z" = <e1kp>)

71=1
the : is absorbed.
N S JRp

i

1k P;

ik- CE elk pj
In(e™?) + 3 roen

I shall show (using a saddle-point method) that

=1
G(a_jla SR 7£N) X eN]:(kO) (1 ™ Z ]a\;q)
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Saddle-point method

A Taylor expansion around the saddle-point kg yields

G(Z1,...,2Nn) = Cp e k) (ZGaussian infegrals)

=

D m m
1 /(d B o= F" (k) K2/2 gy S Fim (ko) &

ND/2 27) D _ — Yo
— |m> )
| Y VN
27 F" (ko) P/2 only depend on 5
_ ) Cry eNF (ko)
fherefere G- an) = 2 NF" (ko) P/2 1+ Z:Z N4
q
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Cumulants

The generating function of cumulants thus reads

=1
InG(Z1,...,Z2ny) =In Cp + NF(kp) + In (Funcfion of :1;>l>
|ndepend€n1‘ OF X Funchon OF _

F only depends on / \ k, function oF —

(solution of ]—"’(ko) = 0)

Hence the (scaled*) cumulants:
5 coef. of z;, --- z;,, 1\ 1
fc(pila---apiM)_ inN]:(ko) _I_O(N—M) _O<NM1>

The cumulants arising from total momentum conservation follow the
same scaling behaviour as those from short-range correlations!

IZ" nice for “cumulant” or "Lee-Yang zeroes” methods of anisotropic-flow analysis

*fc(pi17 e '7piM) = fc(pila a °7piM)/[f(pi1) " f(p’LM)]
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Computing the first cumulants

@ The saddle-point is given by|F'(kg) = OJ I.e.

N  _

. N

. alko'Dj , T . .

aj] € 1 < elko-p> — x] .elkO'pj
T p Py

N (e'koP)

J=1 J=1

@ The cumulants are given by |In G(Z1,...,Zx) = NF (ko)

N
D .
To lowest order* ik, = > Z m—JpJ, hence
(p?) = N ,
N _ N
Flko) =32 - [ 3 2,
= N  2(p?) = N

_ Dp - 1
which gives f.(p;,p2) = ]\];)<1p2];)2 , of order O(N) as expected

* assuming /' (p) isotropic, so that (p) = 0 and {(ko - p)?) = ko*(p*)/D
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Computing the first cumulants

Going to the next order in %:
D D
= - |1 = (ot — e | s
unit D x D matrix T
N o N _ N o
: — J — J — J
with X() — Z W' Xl — Z ij, X2 — Z ij X P
j=1 71=1 j=1
D D D
iz F(ky) = X, X4)? X <X01D X2>-X
(ko) 2<p2>( ) 2(p?) " (p?) '
N5 2-particle cumulants
InG(Z1,...,ZN) = Z:EJ 2N (p?) ngfk(]@g Pk)
]:1 \_ J)k Z
g D o D
N7 (p?) 2 TiTkTL | P - P <102>(pj - Pr)(Pk - P1)
\_ .77k"7l W,

3-particle cumulants: O(1/N?)!
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Total momentum conservation
and M-particle cumulants

Using a saddle-point method (which implies N >> 1), I have computed in
a model-independent way the multiparticle cumulants arising from the
constraint p; +py +---+py =0

will be taken =2 in what follows
fo(pr,pa) = @)?1 - P2 (fransverse momentum conservation)
N{p*?)
_ D
fc(p17p27p3) — N2< 2>(p1'p2+p1'p3+p2'p3)
2
| N2 (p2)2 (P1 - P2)(P1 - P3) + (P1 - P2)(P2 - P3)

+(P1 - P3)(P2 - P3)]

Moreover, the M-particle cumulant arising from the conservation of
total momentum scales with multiplicity as 1/N* ', as those from
short-range correlations!
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Two-particle correlation due to total

transverse momentum conservation

2p1 - P2
. o NP
two-particle probability distribution reads

2 p1p2 cos(p2 — 1)
Fpy.p2) = F(po)f(pa) (1 - 2L
Thus, if there is a first particle with transverse momentum p;, then
the probability to find a second particle with fransverse momentum p,

is NOT isotropic, but larger “away” (in azimuth) from p;.
APy

We have seen that f.(p;,p2) = , which means that the
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Two-particle correlation due to total

transverse momentum conservation

2p1 - P2
. o NP
two-particle probability distribution reads

2 p1p2 cos(p2 — 1)
Fpy.p2) = F(po)f(pa) (1 - 2L
Thus, if there is a first particle with transverse momentum p;, then
the probability to find a second particle with fransverse momentum p,

is NOT isotropic, but larger “away” (in azimuth) from p;.
APy

We have seen that f.(p;,p2) = , which means that the

Pi
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Two-particle correlation due to total

transverse momentum conservation

2p1 - P2
. o NP
two-particle probability distribution reads

2 p1p2 cos(p2 — 1)
Fpy.p2) = F(po)f(pa) (1 - 2L
Thus, if there is a first particle with transverse momentum p;, then
the probability to find a second particle with fransverse momentum p,

is NOT isotropic, but larger “away” (in azimuth) from p;.
APy

We have seen that f.(p;,p2) = , which means that the

P1
>

Pz

everything recoils

One cannot speak of “a jet + an (uncorrelated) background event”!
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Two-particle correlation due to total
fransverse momentum conservation

The conservation of total transverse momentum does correlate all
particles in the event together!

7.(p1.pa) = 2P1 " P2 The correlation is back-to-back, & larger
S N{p?) between particles with larger momenta

1z~ should not be forgotten in jef studies...

Its meaning?
That the conditional probability for an “associated” particle to have a
momentum p, when there is a “frigger” particle with momentum p, is

not the same as the probability to have a particle with momentum p,
irrespective of the momenta of the other particles.

The “"background” to the jet is modulated by its presence (need to
balance the momentum).
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Total momentum conservation
and statistical studies of

The “background” to the is modulated by its presence (need to
balance the ).

This is a model-independent statement! I do not assume any specific
micro-/macroscopic picture of the correlation between the jet and
the other particles.

1% issue for methods that decompose an event into jet+background,
as they might not be easy to disentangle from each other.

Safer approach (cf. Claude Pruneau!):

4 measure the cumulants on the one hand;

4 compute their values due to various sources of correlation on the
other hand.
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Three-particle correlation due to total
fransverse momentum conservation

- 2 | 22

fc(p17p27p3) — N2<p2> () ! N2<p2>2 ()
repulsive attractive
term term

The attractive term dominates over the repulsive one (not intuitive!)
when all three particles have transverse momenta larger than the
rms transverse momentum: relevant case for high-p; studies!

Let us investigate the behavior of this cumulant!
(for simplicity, in the case piiicoer = P1 > P2 = P3 = Passoc. )

I shall use the relative angles Ay = 1 — o and Api3 = 91 — @3
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Three-particle correlation due to total

transverse momentum conservation

RHIC-inspired values;CV = 8000 particles) (p?)!/? = 0.45 GeV
pP1 = 3.2 GeV, P2 = P3g = 1.2 GeV

PHENIX, PRL 97 (2006) 052301:

2.5 GeV < pi< 4 GeV &1 GeV <o, p3g 2.5 GeV;
Cl. Pruneau, nucl-ex/0703010:
3GeV<pi<4dGeV &l GeV <p,, i< 2 GeV,;

all particles in the event: conservative estimate
(if transverse momentum was actually balanced
between a smaller number of particles, the
correlation would be larger)
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Three-particle correlation due to total

transverse momentum conservation

RHIC-inspired values: N = 8000 particles, (p?)*/? = 0.45 GeV
pP1 = 3.2 GeV, P2 = P3 = 1.2 GeV

same size as correlations due to flow 4,

|

b N

0t
0

i :r 3}? 2
2 2
o

Note the 2 humps around 180
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Three-particle correlation due to total

transverse momentum conservation

RHIC-inspired values: N = 8000 particles, (p?)*/? = 0.45 GeV
P =3.2GeV, py =p3=1.2GeV

The structure is non-trivial!

A process involving three bodies
only cannot accommodate such
values of the momenta!

p,+p2+p3#0

N\
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Three-particle correlation due to total

transverse momentum conservation

RHIC-inspired values: N = 8000 particles, (p?)*/? = 0.45 GeV
pP1 = 3.2 GeV, P2 = P3 = 1.2 GeV

A9012 — A9013 A9012 = T — A9013
3x1077 | 3x107 |
2x107° | 21%102 |
17 10 /\/\
M/:r\w 27 A . 30— 27
2 2 2 2
(Local) maximum at 180° Two humps around 180°
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Three-particle correlation due to total

transverse momentum conservation

RHIC-inspired values: N = 8000 particles, (p?)*/? = 0.45 GeV
p1 =6 GeV>5H(py =p3) =1.2GeV

correlations are larger

Apyy

2?!’-'

b N

0 d T 3 2

The 2 humps around 180° have merged into one
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Three-particle correlation due to total

transverse momentum conservation

RHIC-inspired values: N = 8000 particles, (p?)*/? = 0.45 GeV
p1 =6 GeV>5H(py =p3) =1.2GeV

A9012 — A9013 A9012 — T — A9013
1074 10741
5%107° | A 5107 | m
fj FT \ﬁ ZIJT \ufi :’r ﬁvz 2Ifr
2 3 2 2
(Local) maximum at 180° One big hump at 180°

The structure away from the “frigger” depends on the cuts
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Total momentum conservation
and statistical studies of jets

Total momentum conservation induces correlations between the
particles emitted in a collision.

These correlations can be computed... and their value can be
estimated if one "knows” the total emitted multiplicity N and the
mean square momentum (p~).

I can be freated as parameters

Do not underestimate its possible role!
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Extra slide



Three-particle distribution vs.

three-particle cumulant

RHIC-inspired values: N = 8000 particles, (p?)*/? = 0.45 GeV
pP1 = 3.2 GeV, P2 = P3 = 1.2 GeV

cumulant:
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Three-particle distribution vs.

three-particle cumulant

RHIC-inspired values: N = 8000 particles, (p?)*/? = 0.45 GeV
pP1 = 3.2 GeV, P2 = P3 = 1.2 GeV

distribution:
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