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Non-trivial correlation patterns
from trivial phenomena

@ Cooking up a fancy meal with plain ingredients... and a questionable
recipe.

@ Improving on the recipe...

@ .. and on the presentation of the meal.
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First ingredient:

total momentum conservation

In the center-of-mass frame of the colliding nuclei, the NV particles
emitted in a Au-Au collision satisfy p; +p, +---+py =0.

CATHIE-RIKEN workshop, BNL, February 25-26, 2009 N.Borghini — 2/23 Universitiit Bielefeld



An old idea...
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Experimental distributions of azimuthal angles between particles produced in pp and pd
cellisions at 28 GeV/c¢ and K™ collisions at 9 GeV/c are presented and studied.

The study of two-particle correlations is a natu-
ral step beyond the investigation of single-particle
distributions.”** Such a study could be very ugeful
in clarifying our understanding of multiple-particle
production in high-energy collisions.

In this paper we concentrate on azimuthal corre-
lations, that is, distributions do/d¢; where ¢;;
is the angle between transverse momenta k; and k;,
of two final-state particles.
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The main goal of our study is to identify the cor-
relations which arige simply from momentum con-
servation and the experimentally observed damping
of transverse momenta.
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11, MOMENTUM-CONSERVATION CONSTRAINT

We consider the azimuthal distribution do”/d¢ in
a general reaction with » particies in the final
state. Transverse-momentum conservation im- da™
poses some constraints on this distribution. De- do
noting the transverse momentum of the 7th particle
by k;, we see that transverse momentum conser-

vation gives the condition

Zi: 2+ )3 k;i°k;=0.

t 74
Upon averaging over all particles, we find n{%.®
+n{n— 1)k,-k;) =0, which suggests that {cosa)
~~1/{n- 1) and that a distribution do”"/d¢ might be
expected to peak at ¢ =#, the peak becoming less
pronounced as x increases,

>

i7]

do”
dQ;s
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Multiparticle distributions & cumulants

@ M-particle probability distribution f(p;, ;... Piy):

probability that particles {ii, iz, ..., ix} have momenta p;, Piy, -+ Pin
irrespective of the momenta of the N — M other particles.

1z normalized to unity: f({p; }) = O(1), VM

Independent particles: f(p;.p2.....P~n) = [(P1) f(P2) - f(PN)
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Multiparticle distributions & cumulants

@ M-particle cumulant of the probability distribution fe(p;,,- - Piy):

connected part of the probability distribution, responsible for the
“correlations” (= deviations from statistical independence)

f(p1.p2) = fe(P1) fe(P2) + fe(P1, P2)

e - @® + @O
(note: f(p) = fe(p)...)
At the three-particle level:

. @@@+€@D+ ﬁ@J’@% +@

In the following, I shall also use "reduced cumulants”

r - fc(Pl,---,PM)
JePr M) = iy (o)
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Total momentum conservation
and M-particle distribution

In the presence of the constraint from fotal momentum conservation,
the M -particle probability distribution reads:

N

(HF D; )/5D pi+-—-+pn) || [F(p;)d”py]

j=M+1

f(P1,- s PM) = ¥
/5D(P1 + -+ PnN) H F(pj)d”py]

... Which can be computed in the large-INV limit, fogether with the

corresponding cumulants.
N.B., Eur. Phys. J. C 30 (2003) 381
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(jHlF(pj)) /@+ L @Jﬂgﬂ[ F(p;)dPp;]

f(p17°°°7pM): N

/5D(P1 + -+ PnN) H F(pj)d”py]

J=1
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Total momentum conservation
and M-particle distribution

In the presence of the constraint from fotal momentum conservation,
the M -particle probability distribution reads:

single-particle distribution dimension
in the absence of cons’rraln’r of space

/

N
(1) e 01
j=M+1

f(p17°°'7pM) N
/5D(P1 + -+ pn) H [(p;)d”p,]

M -independent denominator

... Which can be computed in the large-INV limit, fogether with the

corresponding cumulants.
N.B., Eur. Phys. J. C 30 (2003) 381
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First cumulants

_ Dpi-p2 Back-to-back correlation, larger for

Je(P1:p2) = N{(p?) particles with larger momenta
N D
fc(P1,P2,P3) — N2<p2>(P1 - P2 + P1 'P3+P2'P3)
D2

| N2<p2)2 [(Pl 'P2)(P1 'PS) T (Pl 'P2)(P2 ' PB)

+(P1 - P3)(P2 * P3)]
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First cumulants

_ Dpi-p2 Back-to-back correlation, larger for

Je(P1.p2) = N(p?)  particles with larger momenta
JP1P2.Ps) = ~ sz (P P2+ P1 Pyt PPy
c\P1,P2,P3) = N2 (p2) P1-P2 T P1-P3 T P2-P3
D2
| N2<p2)2 [(Pl 'P2)(P1 'PS) T (Pl 'P2)(P2 ' PB)

+(P1 - P3)(P2 * P3)]

Want to relax the “isotropic emission” assumption? (take D = 3)

f (p p2) o pl,pr,:U pl,yPQ,y pl,zp2,z
C 19 _
N{p2)  N{p?)  N{(p?)

r,y,z principal axes of the (p ® p) tensor

N.B. 2003; Z.Chajecki & M.A.Lisa, Braz. J. Phys 37 (2007) 1057
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First cumulants

_ Dpi-p2 Back-to-back correlation, larger for

Je(P1.p2) = N(p?)  particles with larger momenta
_ D
fe(P1.P2,P3) = NZ(p?) (P1 - P2+ P1-P3+ P2 Ps3)
D2
| N2<p2>2 [(Pl 'P2)(P1 °P3) T (Pl 'P2)(P2 ' P3)

+(P1 - P3)(P2 * P3)]

Want to relax the “isotropic emission” assumption? (take D = 3)

C 1> - +
N {p2 N {p?
Pa) - NApy) " studies at
r,y,z principal axes of the (p ® p) tensor midrapidity
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Second ingredient:

anisotropic flow

In a non-central ( ) Au-Au collision the transverse emission of
particles is anisotropic: (p2) # (p;).
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Anisotropic particle emission

In a non-central ( ) Au-Au collision...

g with respect to
¥ the
X

The particle azimuthal distribution is a 2m-periodic function:
(%0

dN 1T X T -
—ocf(gp):% vnem“):% 1+ 2 E Uy, COS NP
n=——oo n=—1

where v, = <COS(TLQO)> is real (in the absence of parity violation).

This is the generic case!
Central collisions exist only in the minds of theorists.
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Anisotropic particle emission

(P2 -12) ) A
oS <P§+P§>° SR piﬂé
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Anisotropic particle emission

IRV A ) p2 —p?
oS <P§+P§>° SR p;%ﬂé

.|.
total momentum conservation

3 P1,2P2,z  PlyP2y

fc(p17p2) — N<p%> N<p32J>
2pT1PTo -
- N<p521’> (1 _ 1—}%) [COS(SOQ - 901) — U2 COS(gpl + @2)]
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Anisotropic particle emission

(P2 -p?) ) p2 —p?
oS <P§+P§>° SR p;%ﬂé

.|.
total momentum conservation

; P1,2P2,z  PlyP2y

PP = TNy T NG
2pT1PT2 5
TN (1-0) eos(ez = 1) —rzcoslion + )

= two-particle probability distribution
f(p1,p2) = f(p1) f(P2) |1 + fe(P1,P2)]
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Of trigger and associated particles

Two-particle distribution < two-particle probability distribution

f(p1,p2) = [(p1) f(P2)[1+ fe(P1, P2)]

Choose a “trigger particle (1)” in an event.
Yield of associated particles (2) < condi’rio@probabili’ry distribution

L f(pTlapTQ)
[(prs| pry) = =S (£ /(pra))
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Of trigger and associated particles

Two-particle distribution < two-particle probability distribution

f(p1,p2) = [(p1) f(P2)[1+ fe(P1, P2)]

Choose a “trigger particle (1)” in an event.

Yield of associated particles (2) < condi’rio@probabili’ry distribution

L f(pTlapTZ)
[(prs| pry) = =S (£ /(pra))

Here f(pry| Pri) = [(Pr2) {1 QpTlgTQ(COS(w—@) — U3 COS(%WQ))}
N{pz)
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Of trigger and associated particles

Two-particle distribution < two-particle probability distribution

f(p1,p2) = [(p1) f(P2)[1+ fe(P1, P2)]

Choose a “trigger particle (1)” in an event.

Yield of associated particles (2) < condi’rio@probabili’ry distribution

L f(pTlapTZ)
[(prs| pry) = =S (£ /(pra))

Here f(pry| Pri) = [(Pr2) {1 QpTlgTQ(COS(w—@) — U3 COS(%WQ))}
N{pz)

& can be plotted with N = 8000, (p7)= (500 MeV/c)?, pri=6 GeV/c,
pry =4 GeV/c, vy(pry)=0.2 and v2=0.1.
N.B., J. Phys. Conf. Ser. 110 (2008) 032005
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Associated vield

1.4~ N !
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ZYAM-subtracted associated vield

S —
|
| I | I | I | | | | | |
= 0.03
9.
N
Z
>
2
~10.02
N
h
.
S oo
QE:.
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2 " : ]
= 0 _|— 1m-plane trlgge.r particle | .
-- out-of-plane trigger particle | |¥1 = 5
S R NV St N N R E

-Tt/2 -Tt/4 0 /4 /2 3n/4 n Sn/4 3n/2
AP ,= P2-¥1
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ZYAM-subtracted associated vield
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From the associated vield
to the correlation term (cumulant)

_ f(pr,PT2) ;
f(pTQ‘ PT1) — f(pTl) — f(PTz) [1 =+ fc(pT17 PTQ)}

1z subtracting af(pr,) from f(py,| pry) does not entirely suppress
the “trivial” (= single-particle) influence of the emission anisotropy.

DIVIDING (by f(pr5)) seems to be better suited for that purpose.

(In real life, things are not so simple, see later.)
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Description & measurement

of two-particle correlations

A two-step process:
@ no model dependence at the level of the two-particle distribution;

@ isolating the correlation term: some modeling required
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Anisotropic particle emission

All collisions are non-central: single-particle yields depend on azimuth

g with respect to
‘Z' the
@
£z

The particle azimuthal distribution is a 2m-periodic function:
Vo

dN 1 . 1 |/ &
—Q(f(gp):% funem@:% 1+22funcosn¢
n——o0 n=1

where v,, = <COS(TLQO)> is real (in the absence of parity violation).
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Anisotropic two-particle distribution

All collisions are non-central: two-particle yields depend on azimuth
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Anisotropic two-particle distribution

All collisions are non-central: two-particle yields depend on azimuth

with respect to
the reaction plane
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Anisotropic two-particle distribution

All collisions are non-central: two-particle yields depend on azimuth

with respect to
the reaction plane

<>

b

Let Ap =@y — 1 and P =z + (1 —2)ps (0 <x<1)

At fixed Ay the two-particle azimuthal distribution is a 2m-periodic

pair ,

function of " :

d2N d2N 1 R 1 : pair
= . X — Z VP (Ap) e
dpides  deP*rdAe 2w £~

N.B. & J.-Y.Ollitrault, Phys. Rev. C 70 (2004) 064905
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Anisotropic two-particle distribution

At fixed Ay the two-particle azimuthal distribution is a 2m-periodic

function of ©P*":
d2N d2N 1 R 1 : pair
— . X — Z VP (Ap) 7
doidyps  deP'dAp 2w

n——~oo

Why should one characterize the 2-particle distribution &< f(p;, p2) or
the 2-particle correlation (cumulant) f.(p,.p2) with these v’ (Ayp)?

& because there exist model-independent methods tfo measure them
accurately (the “usual” flow analysis methods);

@ and because they are easier tfo compute in theoretical studies than
the 2-particle distribution / cumulant itself.

Cf. the advantages of v, over the “squeeze-out ratio” and similar quantities.
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Anisotropic two-particle distribution

At fixed Ay the two-particle azimuthal distribution is a 2m-periodic

pair ,

function of ™ :

d2N d2N 1 R 1 : pair
= . X — Z VP (Ap) e
doidyps  deP'dAp 2w

n——~oo

where v (Ay) is in general complex-valued!

pair

There is no """ = -¢©™" symmetry:
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Anisotropic two-particle distribution

At fixed Ay the two-particle azimuthal distribution is a 2m-periodic
function of ©P*":
d2N d2N 1 R 1 : pair
— . T pair ( A 1M
dpidys  dePrdAg > o Z Un " (Ap)e

n——~oo

where vgaif(Agp) is in general complex-valued!

d? N 1 | | B
dgppairdAgp X % 1 —|— 2 Z Upall" AQO COS ngppall‘ _|_ ?)E?r)l/r(Agﬁ) SiIl ngppalr)

where vg&,}if(Agp) = (cos ngppair> and ?JE%I'(AQO) = (sin ngppair> are now
real numbers, that characterize f(p;,p2)in a model-independent way.
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From the two-particle distribution
to the two-particle cumulant

f(p1,p2) = f(p1) f(P2) |1+ fe(P1,P2)] (1)

® First, extract the first Fourier coefficients v, v27", v,
well under control, uncertainty increases with n.

@ These are model-independent numbers: publish them!

(and let the theorists try to reproduce them with their favorite
code).
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From the two-particle distribution
to the two-particle cumulant

f(p1,p2) = f(p1) f(P2) |1+ fe(P1,P2)] (1)

® First, extract the first Fourier coefficients v, v27", v,
well under control, uncertainty increases with n.

@ Compute the single- and two-particle distributions f(p,), f(ps),

/(P1,P2) (or rather, a good approximation thereof).
@ Perform the division.

Issue: Equation (1) holds at fixed orientation — doing
it for various bins introduces unwanted terms.
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From the two-particle distribution
to the two-particle cumulant

For a fixed orientation of the

f(p17 p2)

f(p1) f(p2) L+ fe(p1, P2)

In practice, one measures numbers of particles or particle pairs, that (might)
have significant fluctuations from event fo event:

(NVpairs(P1, P2)) 4 f(p1,p2)
(N1(p1)){(N2((P2)) © f(p1) [(P2)

so that some arbitrariness enters the determination of fc(pl, p2) at this
point. ("Usual” assumption: it vanishes at some point in phase space...)
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Correlation studies

@ The most appropriate way to remove the effect of the anisotropy in
single-particle emission (“anisotropic flow”) is to perform a division,
rather than a subtraction.

@ Model-independent numbers are preferable to model-dependent
ones! (Even if they do not possess an intuitive interpretation.)

@ Further work is needed, also on the theoretical side.
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