Quantum field theory Sheet 1 April 8, 2024

Problem C1.1 The electric and magnetic fields E and B can be written in terms of the scalar potential ¢
and the 3-dimensional vector potential A as E = —V®— A, B =V x A. One can combine the potentials to
form a 4-dimensional vector potential by defining A® = ®. The field strenght tensor is F},, = 8,4, — 0, A,,.
(a) Verify that the components of the electric and magnetic fields can be written as
, 1
Ei = FZO, Bz = Eﬁlmnan

Here €y, is the the (totally antisymmetric) Levi-Civita symbol with €193 = 1.

(b) Show that Maxwell's equations can be written as

B = JY, 9" =0

- (5)

is the 4-vector current density with the charge density p and the 3-dimensional current density J.
Furthermore, F' is the dual field strength

Here

- 14 1 Vpo
Fr = Sy
with the 4-dimensional Levi-Civita symbol with €*'23 = 1.
Problem H1.1
(a) Write the Lagrangian density for the electromagnetic field (see problem C1.1)
1 v
E = _Z IW,FM

in terms of (i) the A* and also (ii) in terms of E and B.

(b) Apply the principle of least action to

S = / d'z (—%lFWF‘“’ — J#A“>

by varying A" and determine the resulting equations of motion. Write them (i) in terms of the A, and
(i) in terms of E and B.

Problem H1.2 Consider a Lorentz transformation z* — A*, 2" with n??A* AV, = n*. If a field ¢
transforms as ¢ — ' with '(z) = ¢(A~'z) it is called a scalar field.

(a) Compute 0,¢'. Show that 0,p0"¢ transforms like a scalar field.

(b) Show that the action S[p] = [d*zL(p, dp) with

1
£ = 0,00"5 = V(y)

is invariant under this transformation, that is, that S[¢'] = S[yp].



